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CHAPTER  I 


INTRODUCTION 


1.1  Introduction 

The  Lebesgue  decomposition  of  measures  induced  by  stochastic  processes  is 
important  in  areas  such  as  statistical  inference  and  information  theory. 

For  Gaussian  processes  the  Lebesgue  decomposition  has  been  fully  described  and 
the  following  dichotomy  prevails:  two  Gaussian  processes  are  either  mutually  absolutely 
continuous,  or  else  they  are  singular  (see,  e.g.  Chatterji  and  Mandrekar  (1978)).  In  the 
former  case  expressions  for  the  Radon- Nikodym  derivative  are  known  and  the 
discrimination  of  the  two  Gaussian  processes  is  based  on  a  threshold  test  on  the  log  of 
their  likelihood  ratio.  In  the  latter  case  they  can  in  principle  be  discriminated  with 
probability  one.  Some  partial  results  are  also  available  for  other  processes  having  finite 
second  moment  (Fortet  (1973)). 

The  Central  Limit  Theorem  and  the  stability  property  provide  the  basic  reasons  for 
regarding  stable  processes  as  a  natural  generalization  of  Gaussian  processes.  Most  of  the 
work  on  stable  processes  focuses  on  contrasts  and  similarities  between  Gaussian  and 
non-Gaussian  stable  processes.  While  the  problem  of  Lebesgue  decomposition  of 
measures  induced  by  Gaussian  processes  is  the  simplest  and  most  thoroughly  studied  for 
non-Gaussian  stable  processes  the  problem  has  remained  largely  open. 

This  work  investigates  mainly  the  Lebesgue  decomposition  of  measures  induced  by 
non-Gaussian  stable  processes.  For  non-Gaussian  measures,  this  question  seems  to  have 
been  first  studied  by  Gihman  and  Skorohod  (1966)  and  Skorohod  (1965)  for  infinitely 
divisible  measures  in  Hilbert  space,  and  subsequently  by  Briggs  (1975),  Veeh  (1981).  and 


§ 


Brockett  (1984)  for  measures  induced  by  infinitely  divisible  processes.  Except  for  the 
first  work  no  application  of  the  results  to  non-Gaussian  stable  measures  has  been  made. 
The  only  works  dealing  specifically  with  stable  measures  are  Zinn  (1975)  and  Thang  and 
Tien  (1980). 

Sufficient  conditions  for  an  element  to  be  an  admissible  translate  of  an  infinitely 
divisible  measure  in  a  Hilbert  space  were  obtained  in  Gihman  and  Skorohod  (1966). 
However,  as  observed  by  Zinn  (1975),  these  conditions  are  difficult  to  verify  and,  as 
simplified  for  stable  measures,  they  were  found  to  be  false. 

Zinn  (1976),  investigated  the  structure  of  the  set  of  admissible  translates  of  stable 
measures  in  a  Hilbert  space.  As  an  application  he  showed  that  certain  stable  processes 
have  no  nontrivial  admissible  translates.  The  admissible  translates  of  symmetric  stable 
measures  with  discrete  spectral  measures  in  a  Banach  space  were  characterized  by 
Thang  and  Tien  (1980). 

All  these  works  use  primarily  the  representation  of  the  characteristic  functional  of  a 
stable  measure  in  Hilbert  or  Banach  space.  Here  we  work  with  stable  processes  and 
exploit  their  spectral  representation,  which  in  some  cases  allows  the  formulation  of  the 
problem  in  terms  of  processes  with  independent  increments  and/or  sequences  of 
independent  random  variables. 


1.2  Summary 

The  next  section  of  this  chapter  (1.3)  introduces  the  setting  and  notation,  and 
presents  the  basic  definitions  and  results  on  stable  processes. 

Chapter  II  considers  the  Lebesgue  decomposition  between  the  measure  induced  by  a 
stochastic  process  and  its  translates  by  a  nonrandom  function,  i.e.  the  problem  of 
detecting  a  nonrandom  signal  in  additive  random  noise.  In  Section  2.1,  for  p*^1  order 
and  symmetric  stable  processes  a  function  space  is  introduced  which  plays  a  role  partly 
analogous  to  the  reproducing  kernel  Hilbert  space  of  a  Gaussian  or  second  order  process. 
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In  particular  this  space  provides  an  upper  bound  for  the  set  of  admissible  translates,  is  a 
stochastic  processes  version  of  a  space  introduced  by  Zinn  (1975),  page  249,  and  extends 
the  results  of  Zinn  (1975),  Proposition  10,  to  general  symmetric  stable  processes  and  the 
results  of  Fortet  (1973),  Theoreme  4.1,  to  general  p*"^1  order  processes.  A  lower  bound 
for  the  set  of  admissible  translates  of  a  stable  process  is  also  provided  by  exploiting  their 
structure  as  mixtures  of  Gaussian  processes,  and  a  dichotomy  is  shown  for  a  class  of 
stable  processes  which  includes  all  sub-Gaussian  and  sub-Gaussian-like  processes. 

In  Section  2  of  Chapter  II.  stable  processes  with  an  invertible  spectral 
representation  are  considered.  Their  admissible  translates  are  characterized,  and  a 
dichotomy  is  established:  each  translate  is  either  admissible  or  singular.  The  result  is 
applied  to  show  that  most  continuous  time  moving  averages,  and  all  harmonizable 
processes  with  nonatomic  spectral  measure  have  no  admissible  translate.  Thus  these 
processes  do  not  provide  realistic  models  for  additive  noise,  as  every  nonrandom  signal 
can  be  perfectly  detected  in  their  presence.  General  harmonizable  processes  and  discrete 
time  mixed  autoregressive  moving  averages  processes  are  also  considered. 

Section  3,  Chapter  II,  comments  on  the  Radon-Nikodym  derivatives  in  the  case  of 
an  admissible  translate  and  provides  an  expression  for  the  likelihood  ratio  in  terms  of  the 
one  dimensional  stable  density  in  the  case  of  purely  atomic  control  measures. 

Chapter  III  considers  the  Lebesgue  decomposition  between  two  measures  induced 
by  certain  non-Gaussian  processes.  In  Section  3.1  equivalence  and  singularity  of  product 
measures  are  studied.  An  idea  of  LeCam  (1970)  is  developed  further  and  provides  a 
necessary  and  sufficient  condition  for  equivalence  and  for  singularity  of  certain  product 
measures.  As  an  application,  the  results  of  Steele  (1986)  on  the  discrimination  between 
a  sequence  of  random  vectors  in  R^  and  its  perturbation  by  rigid  motions,  are  extended 
to  more  general  classes  of  perturbations:  and  for  certain  non-symmetric  (skewed)  stable 
sequences  of  independent  random  variables,  necessary  and  sufficient  conditions  are  given 
for  equivalence  and  for  singularity.  The  singularity  between  sequences  of  independent 


symmetric  stable  random  variables  with  different  indexes  of  stability  is  also  proved. 


Section  2  of  Chapter  III,  introduces  the  notion  of  domination  between  ptn  order 
processes.  A  necessary  condition  for  equivalence  of  two  Gaussian  processes,  namely  the 
setwise  equality  of  their  reproducing  kernel  Hilbert  spaces,  is  shown  to  be  true  for 
symmetric  stable  professes  with  the  function  space  introduced  in  Chapter  II  replacing 
the  reproducing  kernel  Hilbert  space.  Further,  for  p^  order  processes  with  I  <  p  <  2, 
necessary  conditions  for  absolute  contintuity  and  sufficient  conditions  for  singularity  are 
presented  analogous  to  those  of  Fortet  (1973)  for  second  order  processes. 

Finally,  Section  3  of  Chapter  III  makes  use  of  the  results  of  Section  3.1  to  show 
that  a  dichotomy  holds  for  certain  symmetric  stable  processes  including  independently 
scattered  random  measures  and  harmonizable  processes.  Necessary  and  sufficient 
conditions  for  equivalence  and  singularity  are  given.  The  singularity  between  an 
invertible  symmetric  stable  process  and  its  multiples  is  also  proved. 


1.3  Background  and  notation 

The  following  setting  is  considered.  X  =  (X(t)  =  X(t,u;);  t  £  T)  is  a  stochastic 
process  on  a  probability  space  (Q,  T,P)  with  parameter  set  T  and  real  or  complex 
values,  i.e.  values  in  X  =  R  or  C.  When  X(t)  5  Lp(Q,'J,P)  =  Lp(P)  for  all  t  £  T,  and 
some  p  >  0,  X  is  called  a  p1^1  order  process.  The  linear  space  £(X)  of  a  p^1  order 
process  X  is  the  Lp(P)  completion  of  the  set  of  finite  linear  combinations  of  its  random 

_  T 

variables  /(X)  =  sp{X(t);  t  €  T}.  X  denotes  the  set  of  all  extended  X-valued  (i.e..  real 
or  complex  valued)  functions  on  T,  C  =  C(X  )  the  <r- Held  generated  by  the  cylinder  sets 
of  XT  and  px  the  distribution  of  the  process  X.  i.e.  the  probability  induced  on  C  by  X: 


px  (C)  =  P({w;  X( •  ,u>)  e  C}),  C  €  c. 


For  two  stochastic  processes  X  and  Y  we  are  interested  in  the  Lebesgue 


'••V'AAA 


decomposition  of  the  distribution  fiy  of  Y  with  respect  to  the  distribution  fiy  of  X.  and 
in  particular  in  conditions  for  fiy  and  fiy  to  be  singular  (fty  _L  p^),  and  for  fiy  to  be 
absolutely  continuous  with  respect  fiy  (fiy  <£  fiy).  If  the  two  measures  fi y  and  fiy 
are  mutually  absolutely  continuous  we  say  that  they  are  equivalent  (fiy  ~  fiy).  Of 
particular  interest  is  the  case  where  Y  =  s  +  X  for  a  nonrandom  function  s  on  T.  The 
function  s  is  then  called  a  singular  or  admissible  translate  of  X  if  fig  +  y  £*x  or 
fig^_y  ^  A*x  respectively. 

Here  we  focus  primarily  on  symmetric  a-stable  (SaS)  processes.  A  real  random 
variable  X  is  SaS,  0  <  a  <  2,  with  scale  parameter  ||X||a  £  (0,oo)  if  E{exp(iuX)}  = 
exp{  —  ||X||*]u)a}.  A  real  random  vector  (X],...,Xn)  is  SaS  (or  its  components  are 
jointly  SaS)  if  all  linear  combinations  a^X^  are  SaS.  Similarly  a  real  stochastic 

process  X  =  (X(t);  t  6  T)  is  SaS  if  all  linear  combinations  )  are  SaS 

random  variables.  When  a  =  2  we  have  zero  mean  Gaussian  random  variables,  vectors 
and  processes  respectively.  When  0  <  a  <  2,  the  tails  of  the  distributions  are  heavier 
and  only  moments  of  order  p  £  (0,a)  are  finite  with 

{E(|X|P)}1/p  =  Cp.Q||X||a, 

where  the  constant  CpiQ  is  independent  of  X.  Thus  a  SaS  process  X  is  p^1  order  for  all 
0  <  p  <  a.  and  its  linear  space  £(X)  does  not  depend  on  p  and  is  the  completion  of  l(X) 
with  respect  to  |H|^a,  which  in  fact  metrizes  convergence  in  probability  (Schilder 
(1970)). 

An  important  class  of  SaS  processes  consists  of  SaS  independently  scattered 
random  measures,  which  extend  the  concept  of  a  stochastic  process  with  independent 
increments  to  more  general  parameter  spaces.  Let  !  be  an  arbitrary  set  and  5  a  <5 - r i n g  of 
subsets  of  5  with  the  property  that  there  exists  an  increasing  sequence  (In;  n  £  N)  in  5 
with  Un  In  =  i-  A  real  stochastic  process  Z  -  (Z(A);  A  £  3)  is  called  an  independent  ly 


scattered  SaS  random  measure  if  for  every  sequence  (An;  n  fe  N)  of  disjoint  sets  in  3,  the 
random  variables  {Z(An);  n  €  N}  are  independent,  and  whenever  UnAn  €  3  then 
Z(UnAn)  =  £nZ(An)  a.s.,  and  for  every  A  6  3,  Z(A)  is  a  SaS  random  variable,  i.e. 
E{exp(iuZ( A))}  =  exp{  — m(A)|u|a}  where  m(A)  =  ||Z(A)||^.  Then  m  is  a  measure  on 
3  which  extends  uniquely  to  a  <x-finite  measure  on  er(3),  and  is  called  the  control 
measures  of  Z.  Conversely,  the  existence  of  an  independently  scattered  SaS  random 
measure  with  a  given  control  measure  is  a  consequence  of  Komogorov’s  consistency 
theorem. 

When  I  is  an  interval  of  the  real  line,  there  is  an  identification  between  independent 
increments  processes  and  independently  scattered  random  measures.  Namely  if 
X  =  (X(t),  t  6  1)  is  an  independent  increments  process  and  (a,b)  C  I:  an  interval, 
Z((a,bj)  =  X(b)  —  X(a)  can  be  extended  to  an  independently  scattered  random  measure 
on  the  6-ring  3  of  bounded  Borel  sets  of  I.  Conversely  given  an  independently  scattered 
random  measure  Z  on  3,  and  a  in  I,  X(t)  =  sign(t  — a)Z((aAt,aVt]),  t  6  I,  is  an 
independent  increments  process.  When  the  control  measure  m  is  Lebesgue  measure, 
then  X  has  stationary  independent  increments,  E{exp  (iu[X(t)  —  X(t')])}  = 
exp  {  —  |t  —  t'|  |u|a},  and  is  called  SaS  motion  on  I. 

For  any  function  f  €  LQ(!,cr(3),m)  =  LQ(m)  the  stochastic  integral  J^fdZ  can  be 
defined  in  the  usual  way  and  is  a  SaS  random  variable  with  ||/jfdZ||Q  =  ||f||^  (m)' 

The  stochastic  integral  map  f  —  f  fdZ  from  La(m)  into  JL(Z)  is  an  isometry  and 

(1.3.1)  JL(Z)  =  {/fdZ;f  g  La(m)}. 

The  stochastic  integral  allows  for  the  construction  of  SaS  processes  with  generally 
dependent  values  by  means  of  the  spectra!  representation 


where  (f(t,-);  t  €  T}  C  LQ(m).  In  fact  every  SaS  process  X  has  such  a  spectral 
representation  in  law,  in  the  sense  that  for  some  family  {f(t,  •),  t  £  T}  in  some  La(m), 


(1.3.3)  (X(t);  t  €  T)  =  (/  f(t,u)Z(du);  t  €  T) 


(see  e.g.,  Kuelbs  (1973)  and  Hardin  (1982)).  If  JL(X)  is  separable,  e.g.  X  is  continuous  in 
probability,  then  La(l,m)  can  be  chosen  as  La([0,l],Leb).  Specific  examples  of  SaS 
processes  will  be  considered  in  the  following  sections. 

The  covariation  [X,Y]a  of  two  jointly  SaS  random  variables  X  and  Y  with 
1  <  a  <  2  is  defined  by 


(1.3.4) 


[X,Y]tt  =  E(XY<P  l>) 
l|Y||“  E(|Y|P) 


which  holds  for  all  0  <  p  <  a,  where  y<'q>  =  |y|q  V-  9  >  0  (see  e.g.  Cambanis  and 

Miamee  (1985)).  It  follows  that  ||X||“  =  [X,X]a.  If  X  and  Y  have  representations 

/  fdZ  and  f  gdZ  respectively  then  [X,Y]a  =  /  fg<Q  ^dm. 

!i  u  8 

In  certain  cases,  such  as  when  working  with  Fourier  transforms,  it  is  more  natural 
and  convenient  to  work  with  complex  valued  processes.  A  complex  SaS  random  variable 
is  defined  as  having  jointly  SaS  real  and  imaginary  parts.  Except  for  the  representation 
of  the  characteristic  function,  all  concepts  and  results  considered  in  this  section  for  real 
SaS  random  variables  and  processes  extend  to  the  complex  case  (see  e.g.  Cambanis 
(1982)  and  Cambanis  and  Miamee  (1985)). 
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CHAPTER  II 


ADMISSIBLE  AND  SINGULAR  TRANSLATES 

2.1  An  upper  bound  for  the  set  of  admissible  translates 

A  space  of  functions  associated  with  a  order,  0  <  p  <  2,  stochastic  process  will 
be  introduced  and  seen  as  a  partial  extension  of  the  reproducing  kernel  Hilbert  space 
(RKHS)  associated  with  a  second  order  process.  We  concentrate  only  on  p^  order 
processes  with  p  <  2  because  for  those  with  p  >  2  the  second  order  theory  is  applicable. 

Recall  that  for  a  second  order  stochastic  process  X  =  (X(t);  t  £  T)  with  arbitrary 
index  set  T,  zero  mean  and  covariance  function  R,  the  RKHS  H  of  X  (or  of  R)  consists 
of  all  functions  s  of  the  form  s(t)  =  E(X(t)Y),  t  €  T,  Y  £  £(X).  If  Sj(t)  =  E(X(t)Yj) 
then  <Sp«2>  fj  =  E(Y^Y9)  defines  an  inner  product  and  R  is  a  reproducing  kernel,  i.e. 
for  all  t  £  T,  R(-,t)  £  H  and  s(t)  =  <s,R(-,t)>^.  Also  s  £  H  if  and  only  if 


MIh 


=  sup 


llff=1an*(tn)l 

[ElE^nXCtn)!2]1/2 


<  oo, 


where  the  supremum  is  taken  over  all  N  £  N,  aj,...,a^  £  X  and  t^,...,^  £  T  (see  e.g. 
Fortet  (1973)). 

We  now  introduce  the  function  space  of  a  p*^  order  process  with  0  <  p  <  2  and 
arbitrary  index  T,  and  present  its  properties. 


Definition  2.2.1.  The  function  space  F  =  F(X)  of  a  p^  order  process 
X  =  (X(t);  t  £  T)  with  0  <  p  <  2  is  the  set  of  all  functions  s  on  T  such  that 


V 


A 

A. 

Al 
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A  lEn-^nsOiOl 

Mir  =  sup - ^ ^ - _  .  ,  <  oo, 

F  [ElE^^nXCtn)^]1/? 


where  the  supremum  is  taken  over  all  N  €  N,  ap...,a^  €  X  and  tj,...,tx  6  T. 


When  1  <  p  <  2,  a  representation  is  known  for  the  bounded  linear  functionals  on 
the  linear  space  of  X,  analogous  to  the  Riesz  representation  for  bounded  linear 
functionals  on  a  Hilbert  space.  This  allows  us  to  express  the  functions  in  F  in  terms  of 
moments  of  the  process  X.  This  and  further  properties  of  the  function  space  are 
collected  in  the  following 


Proposition  2.1.2.  Let  X  =  (X(t);  t  €  T)  be  a  ptfl  order  process  with  1  <  p  <  2.  Then 
the  following  three  statements  are  equivalent: 

i)  s  £  F, 

ii)  s(t)  =  E(X(t)Y<p-1>)  for  Y  <E  i-(X), 

iii)  s( t)  =  E(X(t)W)  for  W  6  Lp*(P)  where  1/p+l/p*  =  1. 

Moreover  the  following  properties  hold. 

a)  \\s\\F  =  l|Y||Lp(P)  if5(t)  =  E(X(t)Y<P_1>),  Y  e  I(X). 

_  „ _ l  ~/t.\  _  ir/v/t  w<'P  — ^  v  „ 


b)  For  each  s  €  F,  with  s(t)  =  E(X(t)Y 
unique  W  €  Lp*(P)  (namely  W  =  Y*''15  ^>)  se 


),  Y  6  L(X),  there  exists  a 


unique  W  €  L  *(P)  (namely  W  =  Y  K  )  satisfying  iii)  and  ||s||p  =  ||W||r 

P  r  p* '  ' 

c)  (F , || - |||p )  is  a  Banach  space  isometrically  isomorphic  to  the  quotient  space 

Lp*(P)//(X)~*~,  where  ^(X)'*"  denotes  the  annihilator  of  /(X). 


Proof:  i)  =>•  ii)  follows  by  observing  that  if  ||s||p  <  co,  then 

0s(53^_^anX(tn))  =  ^T^_^ans(tn)  defines  a  bounded  linear  functional  on  Jt(X)  with 
norm  ||s||p.  From  Cambanis  and  Miller  (1981),  Proposition  2.1,  there  exists  a  unique  Y 
€  i-(X)  such  that  i/>5(-)  =  E(-Y<P  l5>)  and  =  IIyIIlp(P)-  Thus 

s(t)  =  i/>s(X(t))  =  E(X(t)Y<P_  1  >). 


» 


ii)  =>  iii)  If  Y  €  l(X)  then  W  =  Y<P  l>  €  Lp*(P)  and  ||W||L  (p)  = 

HYllLp(P)‘  Also  s(l)  =  E(X(t)Y<P_1>)  =  E(X(t)W). 

iii)  =>  i)  If  s(t)  =  E(X(t)W)  then  it  is  clear  from  its  definition  that  ||s||p  is 


finite. 

p  —  1 

a)  That  ||s||p  =  ||Y(|Lp^p^  follows  as  in  the  proof  of  i)  =>  ii). 

b)  Let  s  €  F.  By  iii)  there  exist  Z  6  Lp*(P)  such  that  s(t)  =  E(X(t)Z).  Let 
/(X)"*"  be  the  closed  linear  space 

{Z'  €  Lp*(fi);  E(Z'Y)  =  0,  Y  g  /(X)}, 

and  let  Z0  be  the  best  approximation  of  X  in  i(X)"*"  i.e. 


I|Z-ZJL  (P)  =  inf{||Z— Z'||L  (p)i  Z-  6  l(X)J-}. 


Such  aZ0  6  /(X)“^  exists  and  is  unique  (Singer  (1970),  Corollary  3.5  and  Theorem 
1.11).  Set  W  =  Z-Z0.  Then  E(ZY)  =  E(WY)  for  all  Y  €  /(X).  If  Z'  is  such  that 
E(Z'Y)  =  E(ZY)  for  all  Y  6  /(X),  then  Z-Z'  6  /(X)1  and 


i|w|Ilp*(p)  -  i|z_ZoIIlp*(p)  -  HZ— (Z— z,)l|Lp*(P)  -  l|z,||Lp*(py 
Thus  if  s(t)  =  E(X(t)W'),  W'  €  Lp*(P),  and  j|s||p  =  ||W'|| we  must  have 

||W|IL  (P)  <  II w'll Lp* ( P)'  °n  the  other  hand 

|E(EN  ,anX(tn)W)| 

llwv<r>  =  -  -pKnc:„x(tn)iiLp(P)  s  ||W||^.(P)' 

Therefore  ||W||L^(p)  =  ||W'||L  (p)  =  ||s||p.  Putting  V  =  Z-W'  we  have 

V  6  l(X)1  and 


Thus  the  u, deity  of  Z0  implies  W  =  W\  Since  Y<P  Lp*(P)  and 

l|s||p  =  ||Y||^P  j.p^  for  s(t)  =  E(X(t)Y<P  we  must  have  W  =  Y<P 

c)  That  ( F, ||  -  l|p)  is  a  normed  linear  space  is  clear.  To  show  that  F  is 
isometrically  isomorphic  to  Lp*(P)//(X)-*-,  let  Sj  6  F,i  =  1,2, 


»j(t)  =  E(X(t)Wj),  and  (sj+SgXt)  =  E(X(t)W), 


where  W^,W9  and  W  are  the  unique  elements  in  Lp*  (P)  such  that 


l*  =  !lWiHLp*(P)’  and  11*1+*  =  I'W'Ilp+(P)' 


E(X(t)W)  =  («1  +  s2)(t)  =  E(X(t)(W1+W2)) 


we  have  W-  (Wj+Wj)  €  /(X)1  i.e.  [W]  =  [Wj+W2]  =  [WjJ  +  fW^,  where  [  •  ] 
denotes  an  equivalence  class  in  L^*(P)/^(X)d".  Similarly  if  s(t)  =  E(X(t)W)  and 
(as)(t)  =  E(X(t)W)  we  have  [W]  =  [aW]  =  a[W].  Hence  the  map  s  — ►  [VV]  is  linear 
and  since 


II  [W]||  ,  =  ||W|| 

Lp*(P) 


it  is  an  isometric  isomorphism. 

To  finish  the  proof  of  c)  we  need  to  show  that  F  is  complete.  Let  (s^.;  k  6  N)  be  a 
sequence  in  F  such  that  5Z^_^llsk^F<'0°  and  ^  Lp*(P)  be  such  that 

lfVVkilLp*(P)  =  Hh-  Hence  ^l|lWkllLp*(P)<oc  and  W  =  ^k°=lWk  6  Lp*(P)- 


%  \  V  *w  \  ^  V  V 


Set  s(t)  =  E(X(t)W).  Thus 


E?=1*n(E^i*k-*)(t.)l<HE^1wk-wi|Lp<(p)icJ=1^x(.„)||Lp(p) 
»Sk=l>t-llF  ^  IISk=lWk-W|lL  (P)  -  0»K-», 


i.e.  5Z^_]isn  €  F  proving  that  F  is  complete. 


Further  properties  of  the  function  space  F  of  the  process  X,  for  1  <  p  <  2, 
analogous  to  those  of  a  RKHS  are  the  following: 

i)  If  T  is  a  metric  space,  functions  in  F  are  as  ’’smooth”  as  the  process  X  is  in 
the  weak  sense,  i.e.,  they  are  continuous  (differentiable)  if  and  only  if  X  is  weakly 
continuous  (differentiable). 

ii)  Norm  convergence  in  F  implies  pointwise  convergency,  and  the  convergence  is 
uniform  if  ||X(t)||^  is  uniformly  bounded. 

If  the  process  X  is  SoS  with  1  <  a  <  2,  then  it  is  of  p^  order  for  each  p  €  (l,a) 
and  its  function  space  F  does  not  depend  on  p  but  only  on  a  and  can  be  defined  by 
means  of  moments.  Furthermore  the  functions  in  F  can  be  expressed  in  terms  of  the 
spectral  representation  of  the  process. 


Corollary  2.1.3.  Let  X  =  (X(t);  t  £  T)  be  a  SaS  process  with  1  <  a  <  2  and  spectral 
representation 

X(t)  =  /jf(t,u)Z(du),  t  €  T, 

where  Z  has  control  measure  m.  Then  the  following  three  statements  are  equivalent 

i)  s  €  F, 

ii)  s(t)  =  (X(t),Y]a  for  Y  e  i(X), 

iii)  s(t)  =  /jf(t,u)z(u)m(du)  for  z  €  L^*(m)  where  l/a*  +  l/a  =  1. 


iVv’ V-Y- Y ■ '-V. ■  '■  V ■ '  Y\,'YYYYV-yY*YV>'.'->V‘V  » -v/v  Y  Vv 


Moreover  the  following  properties  hold. 


a) 


llsllp  —  Cp)Qfsup 


IS^_^ans(tn)l 

ll£n  =  1anX(tn)|| 


a 


=  IIYH®-1. 


b)  For  each  s  6  F  there  exists  a  unique  z  6  L^*(m)  satisfying  iii)  and  ||s||p  = 

l,z|1L  *(m)' 
a 

c)  The  map  s  —*  [z]  from  F  into  L  *(m)//(f)"*~,  where  [  •  ]  is  an  equivalence 

a 

class  in  L^*(m)//(f) /(f)  =  sp{f(t,-);  t  £  T),  is  an  isometric  isomorphism. 


Proof:  i)  ii).  It  follows  from  1.3.3  that  for  all  p  £  (l,a), 


where 


[-,  Y)a  =  E(  •  Z<P  X>). 

Z  =  C^«/(P_1)||Y||(aa“P)/(p_1)Y  and  ||Z||l”(P)  =  Cp,i||Y||«- 


so  that  s  £  F  if  and  only  if  s(t)  =  [X(t),Y]Q  which  does  not  depend  on  p. 

ii)  -t*  iii).  If  Y  £  JL(X)  then  Y  =  JjgdZ  for  some 
g  €  i-(f)  =  sp{f(t,-);  t  £  I},  and 


s(t)  =  [X(t),Y]a  =  [/1f(t)dZ,/1gdZ]Qr  = 


=  /jfft)g<a  1:>dm  =  /  f(t)zdm. 


where  z  =  g<Q  l>  €  LQ*(m)  and  HZH Lq  +  ( m )  ~  HYHa 

The  proofs  of  iii)  =>  i),  the  uniqueness  of  z  and  of  the  isometric  isomorphism  are 
identical  to  those  of  Proposition  2.1. 


%  *. 


and 


<  2F||Yn!|Lp(p)/sK  <  2F/n  -  0 


as  n  —  oc 


A<5_l_x(Yn  -i  sn/2)  =  ^xC^n+Sn  >  sn/2) 

=  ^X^Yn  —  —  sn/^) 

—  ^X^Yn^  ^  sn/2) 

=  1  ~  f'xd^n!  —  sn/2) 

>  1  -  2P|jYn||Lp(P)/sP 

>  1  —  2P/n  — ►  1  as  n  —  co. 

Therefore  ±  ^s+X'  @ 

Restricting  our  attention  to  SaS  processes  we  see  that  in  contrast  with  the 
Gaussian  case,  a  =  2,  where  the  set  of  admissible  translates  is  always  the  entire  space 
F,  i.e.  the  RKHS,  the  set  of  admissible  translates  of  a  SaS  process  with  a  <  2  may  be  as 
large  as  the  entire  function  space  F  or  as  small  as  {0},  as  is  seen  by  the  following 
examples. 

Stable  Motion:  If  X  =  (X(t);t  £  [0,1])  is  a  SaS  motion,  i.e.,  X  has  stationary 
independent  SaS  increments,  it  is  known  (Brockett  and  Tucker  (1977),  Gihman  and 
Skorohod  (1966),  Zinn  (1975)),  that  X  has  no  nontrivial  admissible  translates  for 
0  <  a  <  2.  On  the  other  hand  for  1  <  a  <  2,  its  function  space  is  the  space  of 
absolutely  continuous  functions  with  s(0)  =  0  and  derivative  in  L^*(Leb),  i.e. 

F  =  {s;  s(t)  =  /^s'(u)du,  t  £  [0,1],  s'  £  L^*(Leb)} 


JS. 
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Sub-Gaussian  processes:  Let  X  =  (X(t);  t  £  T)  be  an  a-sub-Gaussian  process,  i.e.  its 
finite  dimensional  characteristic  functions  have  the  form 


E{exp(i^^=1anX(tn))}  =  exp{-(i^^m_1a11R(tn,tm)am)a//“}, 


where  R  is  a  covariance  function,  or  equivalently 


(X(t);  t  €  T)  k  (A1/2G(t);  t  6  T), 


where  A  is  a  normalized  positive  (a/2)-stable  random  variable  independent  of  the 
Gaussian  process  G  =  (G(t);  t  €  T)  which  has  zero  mean  and  covariance  function  R.  It 
follows  from  Huang  and  Cambanis  (1979)  that  the  set  of  admissible  translates  of  X 
coincides  with  the  RKHS  of  G,  once  we  observe  that  there  the  proof  depends  only  on  the 
representation  of  spherically  invariant  processes  as  scale  mixtures  of  Gaussian  processes 
and  not  on  the  existence  of  second  moments.  Moreover  for  any  Y  €  -L(X), 


[X(t),Y]a  =  2°/2{E(W2)}1  °/2E(G(t)W), 


where  W  6  Jt( G )  is  obtained  from  G  by  the  same  linear  operation  Y  is  obtained  from  X 
(see  Cambanis  and  Miller  (1981)).  Therefore  the  function  space  F  of  X  coincides  with 
the  RKHS  of  G  and  is  therefore  a  Hilbert  space. 


Stable  processes  as  mixtures  of  Gaussian  processes.  It  has  been  shown  in  LePage  (1980) 

that  every  SaS  process  X  is  conditionally  Gaussian  with  zero  mean,  i.e.  there  exists  a 

sub-cr-field  Q  of  U  such  that  given  Q,  the  law  of  X  is  Gaussian  with  mean  zero  and 

covariance  function  R.  Denoting  by  Gp>  such  a  Gaussian  process  and  by  pq  its 

R 

distribution,  we  have  that  for  every  SaS  process  X  there  exists  a  probability  A  on  the 


space  S  of  all  covariance  functions  R  such  that 


0X(E)  =  ftf  GR(E)A(dR) 

for  all  E  €  C.  The  SaS  process  X  is  thus  a  Gaussian  process  with  random  covariance 
function  R.  and  it  is  easily  checked  that  all  quadratic  forms  m_ ^an R(tn ,tm )am  are 
positive  (a/2)-stable  random  variables.  Likewise  we  have  for  all  E  €  C, 

Vs+GB<E>A<dR>- 

It  follows  that  if  s  is  an  admissible  translate  of  almost  all  Gj^'s,  then  it  is  an 
admissible  translate  of  X  too.  This  gives  a  lower  bound  for  the  set  of  admissible 
translates  of  X,  namely 

U  n  RKHS  (R). 

AC*  R€»\A 
A(A)=0 


Thus  a  SaS  process  will  have  admissible  translates  if  it  is  a  mixture  of  Gaussian 
processes  whose  RKHS’s  have  a  common  part.  i.e.  if  ARKHS(R)  ^  {0}  for 

some  A(  A )  =  0. 

The  converse  does  not  seem  to  be  necessarily  true,  i.e.  an  admissible  translate  of  X 
may  not  be  an  admissible  translate  of  almost  all  the  Gaussian  processes  whose  mixture 
is  X. 

It  also  follows  that  a  singular  translate  of  X  is  a  singular  translate  of  almost  all  the 
Gaussian  processes  whose  mixture  is  X.  and  furthermore  the  same  event  separates  them 
This  gives  an  upper  bound  for  the  set  of  singular  translates  of  X.  namely 


U  D  RKHS(R)C. 

AC*  R€S\A 
A(A)=0 


Conversely,  if  s  is  a  singular  translate  of  a.e.  (A),  it  may  not  be  a  singular  translate 

of  X;  but  if  furthermore  the  separating  set  of  +  q  and  Hq  does  not  depend  on  R 

R  R 

a.e.  (A),  then  s  is  a  singular  translate  of  X. 

When  a  SaS  process  is  a  mixture  of  Gaussian  processes  having  the  same  RKHS 
then  we  show  that  a  dichotomy  prevails,  with  every  translate  being  either  admissible  or 
singular. 


Proposition  2.1.5.  Let  the  SaS  process  X  =  (X(t);  t  S  T)  be  the  A-mixture  of  Gaussian 
processes  Gp^  =  (Gp(t);  t  €  T)  such  that  RKHS(R)  =  H  a.e.  (A).  Then  s  is  an 
admissible  translate  of  X  if  and  only  if  s  £  H,  and  s  is  a  singular  translate  of  X  if  and 
only  if  s  £  H. 


Proof:  If  s  €  H,  then  s  is  an  admissible  translate  of  a.e.  G^(A),  and  hence  of  X. 

Now  assume  s  £  H.  Let  RKHS(R)  =  H  for  all  R  €  &\A,  A(A)  =  0,  and  fix 

Rri  €  A.  Then  for  each  n  €  N,  there  exit  Nn,  a  . . a  NI  ,  t  , ,  ...,t  v  such  that 

U  '  ll  n.l  n,lNn  n,l  n,iNn 

>  n 

EEkV„,kGR0<‘„,k>l2 

Since  for  every  Re  9?\A,  RKHS(R)  =  H,  there  exists  0  <  c^  <  oo  such  that 


Ei^k=lan.kGR(tn,k)l“  -  cRE|^k=lan.KC,R0(tn,k  J 


As  in  Proposition  2.1.4,  let  sn  —  ^ a n  k*^n  k^'  (anc^  WLOG  assume  sn  >  0)  anc 

vn(J)  =  E^1an,kI(tn.k)’  1  €  •  so  that 


-\  ••  .-.-c  -f.  -•  v-  V'W  -A  ■A  A  'A 


as  n  — *  oc. 


/^GR(Yn>Sn/2)  <  2-^^  VkGR(tn)|2/s2 

"  4cREl^k=lan,kGR0(tn)|2/sn 

<  4cR/n  —  0 

and 

^5+GR(Yn>^n/2)  >  1  ~  (lYnl  >  »n/2) 

R 

—  ^“^CR/n— >1  as  n  —  x. 


Hence  by  the  dominated  convergence  theorem 


A'x^n  —  sn/2)  —  /jj^G  ^Yn  —  sn/2)A(dR)  —  0  as  n  —  x, 

and 

Ms  +  X(Yn>sn/2)  =  /3j^5  +  GR(Yn>Sn/2)A(dR)  -  1  as  n  -  x, 

I  his  implies  -L  Ms  +  X'  Hence  every  s  g  H  is  a  singular  translate  of  X,  and  the  proof 
of  the  dichotomy  is  complete.  □ 

The  assumptions  of  Proposition  2.1.5  are  satisfied  when  X  is  sub-Gaussian,  i.e.  X  is 

1  /2 

the  mixture  of  the  mutually  singular  Gaussian  process  a  "G,  a  >  0,  which  have 
identical  RKHS;  or  in  the  more  general  case  where  X  is  the  mixture  of  Gaussian 
processes  with  random  covariance  function  of  the  form  AnRn(t.s),  where  the  Rn's 

are  fixed  (nonrandom)  covariance  such  that  Rn  -  cnmRm  is  nonnegative  definite  for  all 

n,m  =  1 . Y,  n^m,  and  some  0  <  cnm  <  oo,  and  the  positive  random  variables 

A  j . An.  are  jointly  (a/2)-stable. 

The  usefulness  of  these  general  remarks  is  limited  by  the  fact  that  the  only  SciS 

mixtures  of  Gaussian  processes,  which  are  currently  known  explicitly,  are  the  sub- 

1/2 

Gaussian  processes,  and  the  more  general  finite  sums  An  Gn.  where  (A; . A ^ ) 


is  positive  (a/2)-stable  and  independent  of  the  mutually  independent  Gaussian  processes 

C,1 . gn- 

Further  examples  where  the  set  of  admissible  translates  is  trivial  or  a  proper  subset 
of  the  function  space  F  are  presented  in  the  next  section.  It  should  finally  be  recalled 
that  the  set  of  admissible  translates  of  a  SaS  process  is  always  a  linear  space,  even  if  it 
is  not  the  entire  function  space  F  (Zinn  (1975),  Corollary  5.1).  However,  as  will  be  seen 
in  the  next  section,  the  restriction  of  ||-||p  to  the  set  of  admissible  translates  may  not  be 
the  most  natural  way  to  define  a  topology  on  it.  Also,  from  the  linear  structure  we  have 
that  +  x  ^  ^  ^X  ^  ^s+X  (see  e‘®‘  Thang  and  Tien  (1979))  so  that  for  every 

admissible  translate  s,  +  x  anc*  ^X  are  e9u'va-lent- 

2-2  Translates  of  invertible  processes 

In  this  section  we  present  some  general  results  on  the  admissible  translates  of 
certain  SaS  processes  with  invertible  spectral  representation. 

Let  X  =  (X(t);  t  €  T)  be  a  SaS  stochastic  process  with  spectral  representation  as 
in  (1.3.2).  It  follows  from  the  continuity  of  the  stochastic  integral  map  f  — >  J fdZ  and 
(1.3.1)  that  the  representing  functions  {(f(t, - );  t  £  T)}  are  linearly  dense  in  La(m),  i.e. 
that  JL(f)  =  La(m),  where  Z(f)  is  the  completion  of  1(f)  =  sp{(f(t,-);  t  £  T)}  in  LQ(m), 
if  and  only  if  £(X)  =  i,(Z).  Processes  satisfying  this  condition  will  be  said  to  have  an 
invertible  spectral  representation  or  more  simply  to  be  invertible. 

Every  Gaussian  process  is  invertible  Cambanis  (1975),  construction  in  Theorem  2. 
This  is  not  generally  true  for  non-Gaussian  SaS  processes  as  can  be  seen  from  the  fact 
that  the  linear  space  of  a  sub-Gaussian  process  does  not  contain  (nontrivial)  independent 
random  variables  (Cambanis  and  Soltani  (1982),  Lemma  2.1).  Necessary  and  sufficient 
conditions  for  a  general  SaS  process  to  have  an  invertible  spectral  representation  are 
given  in  Cambanis  (1982),  Theorems  5.1  and  5.5.  A  stronger  form  of  invci  tibility  for  a 
nonanticipating  SaS  moving  average  is  considered  in  Cambanis  and  Soltani  (1982), 
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Lemma  3.1.  SaS  processes  with  invertible  spectral  representation  in  L2( [0, 1],  Leb),  i.e. 
Lr,-sp{f(t,-);  t  6  [0,1]}  =  L^CtO,  1] ,  Leb),  are  considered  in  Zinn  (1975);  clearly  such  a 
process  has  also  invertible  spectral  representation  in  La([0,l],  Leb).  Examples  of 
invertible  SaS  processes  will  be  presented  in  the  sequel. 

For  invertible  processes  the  problem  of  finding  their  admissible  translates  can  be 
reduced  to  finding  the  admissible  translates  of  the  independently  scattered  random 
measure  Z,  which  we  now  consider  first. 

The  next  proposition  is  essentially  based  on  Gihman  and  Skorohod  (1966), 

Theorem  7.3.  It  extends  to  independently  scattered  SaS  random  measures  with  non- 
atomic  control  measure  the  result  in  Brockett  and  Tucker  (1977)  and  Zinn  (1975)  on 
admissible  translates  of  independent  increments  processes  in  [0,T]  which  are 
stochastically  continuous  and  have  no  Gaussian  component.  It  establishes  a  dichotomy 
for  the  translates  of  a  general  independently  scattered  SaS  random  measure  and  it 
characterizes  its  admissible  translates  as  those  of  its  atomic  component. 

The  following  notation  will  be  used  in  Proposition  2.2.1.  Recall  that  if  a  tr-finite 
measure  space  is  such  that  cr(3)  contains  all  single  points  sets  (e.g.  1  is  a 

Polish  space,  <7(3)  its  Borel  sets,  and  3  the  <5- ring  of  Borel  sets  with  finite  m-measure) 
then  m  =  mj  +  raj  where  ma  is  purely  atomic  and  m^  is  diffuse  (non-atomic)  (Kingman 
and  Taylor  (1966)),  and  the  set  of  atoms  is  at  most  countable,  say 
A  =  {an;  n  G  { 1,2,...,N}  fl  N},  N  the  number  of  atoms.  Thus  if  Z  =  (Z(B):  B  G  3)  is 
an  independently  scattered  SaS  random  measure  with  control  measure  m,  it  can  be 
expressed  as 


Z  —  Za+Z^, 


where  Za  and  are  independent  SaS  independently  scattered  random  measures  defined 
for  all  B  €  3  by 


:  'n 

/  ,-V  ^ v'.-'.'.-'v'v'  'v\'  -  •• •  „■  •  •  *0.1 


Za(B)  =  Z(AflB)  and  Zd(B)  =  Z(AcnB), 


and  have  control  measures  ma  and  respectively.  The  atomic  component  has  a  series 
expansion 

Za(B)  =  En=1  lB(an)Z({an}) 

which  can  be  normalized  by  using  the  i.i.d.  standard  SaS  random  variables 
Zn  =  Z({an})m_1/a({an}) 
with  E{exp(iuZn)}  =  exp(  — |u|a),  as  follows: 

Za(B)  =  E„=1  lB(an)ml/a^an})  Zn- 


Proposition  2.2.1:  Let  Z  =  (Z(B):  B  €  3)  be  an  independently  scattered  SaS  random 
measure  with  0  <  a  <  2  and  control  measure  m  =  ma  +  m^,  and  let  S  =  (S(B);  B  6  3) 
be  a  set  function.  Then  the  following  are  equivalent: 

i)  S  is  an  admissible  translate  of  Z, 

ii)  S  is  an  admissible  translate  of  Za, 

iii)  S  is  concentrated  on  A,  i.e. 

5(B)  =  E^=15({an})lB(an), 

and 

EnN_,|5({an})|2/m2/a({an})  < 


00. 


Furthermore  a  translate  which  is  not  admissible  is  singular. 
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Proof:  Let  and  be  the  stochastic  processes  with  parameter  set  5  defined  on  the 
probability  space  (X^,  C(X^),  by 

<a(B,x)  =  x(ADB),  and  <d(B,x)  =  i(AcflB),  rfX1,  Be). 

Clearly 

(2.2.1)  Ca(B,Z(-,w))  =  Z(AflB,w)  =  Za(B,w),  and 

Cd(B,Z(-,w))  =  Z(AcnB,w)  =  Zd(B,w),  a.s.  (P), 

so  that  Ca  and  are  independently  scattered  SaS  random  measures  with  control 
measures  ma  and  m^  respectively.  Let  £a  and  £d  also  denote  the  corresponding  linear 

__  a  _  <J 

maps  x  — •  Ca(-,j)  and  x  —  Q(-,x)  from  X  into  X  . 

i)  =>  ii)  Suppose  ^5^.7  <  Hence  by  Proposition  2.1.4,  S  £  F  and  by 
definition  of  F  the  map  F:£(Z)  — »  X  defined  by 

f(Zj=1akZ(Ak))  =  Ej=1akS(Ak) 

is  a  well  defined  linear  functional  so  that  5  is  a  signed  measures  on  5.  Furthermore  since 

1 5(B) |  <  Cp,a||S||F||Z(B)||„  =  Cp.Q||S||F[m(B)]1/a, 

S  is  absolutely  continuous  with  respect  to  m,  i.e.  S(B)  =  f  gzdm  for  some  z  locally  in 
Lj(m):  zlg  £  Lj(m)  for  all  B  €  3. 

It  follows  that  fis+2^d  *  <  fizQ  1  or  e<lu*vaiently  Cd('.  S )  is  an  admissible 


V 


m 


translate  of  the  process  £d,  since  Cd  is  linear.  Now 


<d(B,S)  =  S(ACDB)  =  f  zdm  =  /zdmd  ^  Sd(B). 

AcnB  B 

Since  md  is  nonatomic  it  follows  from  a  well  known  results  (Halmos  (1975),  p.  174) 

that  we  can  find  measurable  partitions  (B-  ,  (B):k  =  l,2,...k-},  j  =  1,2,...,  of  B  for 

J»K  J 

which 


(2.2.2)  max  m,(B.,(B))  —  0  as  j  —  oc. 

l<k<K.  d  J’k 
-  -  J 

For  notational  simplicity  we  will  omit  in  the  following  the  dependence  on  B.  It  follows 
that  the  triangular  system  of  rowwise  independent  random  variables 
{Cd(Bj  k);  k  —  l,2,...,Kj,  j  =  1,2,...}  is  infinitesimal,  i.e.  for  every  e  >  0, 


l<r<XKMz(Kd(BJ,k)l  “  0  "*  °  as  j  -  oc. 

K. 

Hence,  since  for  every  j,  (d(B)  =  k  —  1  ^ d ( ® j  k^’  we  kave  ^rom  tke  central  *'m‘t 

theorem  for  triangular  arrays  and  the  fact  that  <(d  has  no  Gaussian  component  that 


liminf 

e 


n0f  ^  Var{Eki:1Cd(Bjik)l(_e5e)(|<d(Bjik)|)} 


0 


(see  e.g.  Araujo  and  Gine  (1980),  Theorem  4.7).  Thus  by  Chebyshev’s  inequality 

<2-2-3>  Ekii  «d(Bj,k)I(-.,,)‘l«d(Bj,k)l))  -  0 


in  /i^-probability  (in  Lp(/i^),  p  €  (0,a))  as  j  — -  oc  and  e  —  0. 

On  the  other  hand,  if  S^(B)  =  /gzdm^  and  m^(Bj  —  0  as  j  — *  oc  then 


/  /  /.  rm 


.  ’T, 


»  *  -  *  -  -  •J*  v*  *•.  « 


S^Bj  k)  — *  0  as  j  — ►  oo,  and  hence  for  j  large 


Sd(B)  =  =  EkKi1Sd<Bj,k)l(_(,c)(|Sd(Bj>k)l). 

Similarly 

(2.2-4)  +  <d(Bj,k))l(_,,()(ISd(Bjjk))  +  <d(Bj,k)l)  -  S^B). 


in  ^-probability  as  j  —*-00  and  e  — ►  0. 

Define  for  B  £  3  the  map  <£(B,-):  X^  — *  X^  by 


K; 


(2.2.5)  4>(B,x)  =  linmnf  .liming  ^Bj,k)l(_f?£)(WBj  k)|). 


Suppose  Sj  is  not  identically  zero.  Then  there  exists  B  £  3  such  that  Sd(B)  0. 
It  follows  from  (2.2.3)  and  (2.2.4)  that 


<KB,Cd(-,z))  =  0  and  <ji)(B,Sd  +  Cd(-,x))  =  Sd(B)  a.e.  (/iz) 

Thus  —  -L  Hb>')  and  hence  Hg+j,  w^'c^  *s  a  contradiction. 

Therefore  Sd(B)  =  f  gzdmd  =  0  for  all  B  £  3,  i.e.  z  =  0  a.e.  (md),  so  that 

(2.2.6)  S(B)  =  /Bzdma  =  2  (an)lB(an)m({an}). 

Reasoning  as  before  we  have  P5_|_zCaT^  C  /izCa~^'  i-e-  Ca(‘i  ■$)  is  an  admissible 
translate  of  (,‘a  (or  Za),  and  by  (2.2.6) 

;'a(B,S)  =  S(AnB)  -  f  zdm  =  /zdma  =  S(B) 

AHB  B 


i.e.  S  —  Ca (-,S)  is  an  admissible  translate  of  Za. 

ii)  =>  i).  Suppose  S  is  an  admissible  translate  of  Za.  Since  Z  =  Za+Z^  and  Za 
and  Zj  are  independent  '.ve  have  pz  =  ^2,a  *  ^Z  ’  Then  t*S+  Za  ^  ^Za  lmP^es 
^S+Z  ^  ^Z'  Indeed 


implies 


hence 


and  thus 


0  =  /iz(  B)  =  /_J/iZa(B-r)pZd(dr) 


(B  —  x)  =  0  a.e.  (/i^  ) 
a  d 


0  =  ^s+z  (B“I)  -  HzA(ft-S-x)  a.e.  (pz  ) 


^S+Z^  —  ^z(B  ^  —  f  y3^Za(^  S  ^Z,(d*) 


ii)  =>  iii).  Because  S  €  F,  S  is  absolutely  continuous  with  respect  to  m^, 


5(B)  =  Z^=15({an})lB(an).  Let  ^:XJ  -  ,  where  JT  =  {1,...,N}  if  N  <  oo  and 


v  3  vJf 


JF  =  N  otherwise,  be  defined  by 


[ti>(x)](n)  =  ^(n,x)  =  Ca({an}ir)/ m  ;  ({an })- 


Thus  by  (2.2.1),  tl>( n,-),  n  £  N,  are  standard  SctS  i.i.d.  random  variables. 


tf’(n.S)  =  Ca({an }'  S)/mly/a({an})  =  S({an})/m1//a({an}) 


0(n,S+r)  =  xl’(n,S)  +  t{n.i)  =  S({an})/m  ({an})  + v(n,x). 


Now  ^S+Za  <  **Za  implies  ^S+Za^’  « 


i p  ,  i.e. 


v>>,v>y  > .  v  *:  «- 

S«  m  .  >  N  >  ^  »  •  V  «  -  ■  ..  »  . 


(S(an)/m  '  ({an});  n  £  X)  is  an  admissible  translate  of  the  random  element  n 

£  X)  defined  on  the  probability  space  (X^,  C^),/^).  It  follows  from  Shepp  (1965)  if  N 

=  co  and  trivially  if  N  <  oo  that  £^=]LS^({an})/m2/,a({an})  <  oo. 

iii)  =>  ii).  Conversely,  if  S^_1S2({an})/m2//a({an})  <  oo  it  follows  from  Shepp 

(1965)  and  the  fact  that  stable  densities  have  finite  Fisher  information  (DuMouchel 

1  /  & 

(1973))  that  (S({an})/m  ({an});  n  £  X)  is  an  admissible  translate  of 

(i£(n,-);  n  £  X)  (the  result  is  trivial  if  N  <  oo).  Therefore 

=ls(M)iB(M)  =  s(  B) 

is  an  admissible  translate  of  the  process 

Z^B(M)m1/Q(M)Hn,x)  =  E„=1lB(anK({an},x)  =  Ca(B,*) 
and  hence  of  Za. 

To  prove  that  a  translate  S  which  is  not  admissible  is  singular  it  suffices  to  consider 
such  a  translate  in  F,  i.e.  from  the  proof  of  i)  =>  ii),  S(B)  =  Jgzdm.  If 
m^dzl  >  0)  >  0  then  ^5^.2  ^  ^Z'  Thus  assume 

■S(B)  =  /Bgdma  =  En_1^({an})1B(an)- 

Since  it  is  not  admissible,  by  iii)  N  =  00  and  ^n_^^({an})/m  ({an})  =  00 ■ 

1  /  Ol 

Hence  from  Shepp  (1965),  (S({an})/m  ({an});  n  £  \)  is  a  singular  translate  of 

(v(n,-);  n  €  N),  i.e.  plies  ftg+  ^  -1-  ^z-  ^ 

It  follows  that  the  admissible  translates  of  a  SaS  independently  scattered  random 
measure  are  quite  different  in  the  Gaussian  and  non-Gaussian  cases.  Indeed,  for  Z 


Gaussian  (a  =  2)  every  element  in  its  function  space  (i.e.  its  RKHS) 

F0  =  {S;  S(B)  =  /gzdm,  z  €  L^m)} 

A  Q 

—  {S;  S  signed  measure  on  «r(5),  S  <  m,  £  L^m)} 

(see,  e.g.  Chatterji  and  Mandrekar  (1978))  is  an  admissible  translate,  while,  e.g.  for  Z 
non-Gauss'an  with  1  <  a  <  2  its  only  admissible  translates  are  S(B)  =  /gzdm, 
z  €  La+(m),  with  z  =  0  a.e.  (m^),  and  £^_jJS({an})|^/m^a({an})  <  oo.  Hence  for 
1  <  a  <  2  the  set  of  admissible  translates  is  a  proper  subset  of  the  function  space  Fa 
which  is  given  by 

Fa  =  {S:  s  signed  measure  on  cr(3),  S  <C  m,  £  La*(m)}. 

In  particular,  while  a  diffuse  Gaussian  random  measure  has  a  rich  class  of  admissible 
translates,  a  diffuse  non-Gaussian  SaS  random  measure  has  no  admissible  translate 
whatever.  On  the  otner  hand,  if  m  (or  Z)  is  atomic  (m^  =  0),  the  condition  in 
Proposition  2.2.1  iii)  extends  the  Gaussian  condition.  Indeed  if  a  =  2  and 

S(B)  =  /BMdm  =  £n=l  £(an)m({an}} 


v  9  2/a  ,-1  c 

then  j  |S(  {an  })|z /m(  {an  } )  <  oo  is  equivalent  to  €  L9(m). 

The  results  of  Proposition  2.2.1  can  now  be  used  to  obtain  a  dichotomy  for  the 
translates  of  an  invertible  SaS  process,  and  to  characterize  its  admissible  translates  as 
those  of  its  atomic  component.  In  order  to  state  the  result  for  a  SaS  process  X  with 
spectral  representation  X(t)  =  /jf(t,u)Z(du)  and  control  measure  m,  we  introduce  the 
independent  SaS  diffuse  and  atomic  component  processes  of  X: 


v 

>  ,N ■>  /•  A  SA  ,N  •.  V  a  .%  A  v  A >'•  .  -  A-  .  '  .  ",  -  .  -  ,  -  -  -  ,  -  .  •  .  -J.  -  .  -  ,  -  . 


Xd(t)  =  /Acf(t,u)Z(du)  =  /,f(t,u)Zd(t), 


Xa(t)  =  X(t)  -  Xd(t)  =  /Af(t,u)Z(du)  =  /,f(t,u)Za(du). 

The  atomic  component  Xa  has  a  series  expansion 

Xa(t)  =  E^=1f(t,an)Z({an}), 

which  can  be  normalized  by  putting 

Zn  =  Z({an})/m1//a({an})  and  fn(t)  =  f(t,an )m1//a({an }), 

so  that  the  Zn’s  are  standard  SaS  i.i.d.  random  variables,  for  all  t  £  T,  , 

<  oo,  and 

Xa(t)  =  IZ^_^n(t)Zn' 

Proposition  2.2.2.  Let  X  =  (X(t);  t  £  T)  be  a  SaS  process  with  0  <  a  <  2, 
spectral  representation  X(t)  =  /||f(t,u)Z(du)  and  control  measure  m,  and  let 
s  =  (s(t);  t  £  T)  be  a  function  on  T.  Then  the  following  are  equivalent: 

i)  s  is  an  admissible  translate  of  X, 

ii)  s  is  an  admissible  translate  of  Xa, 

iii)  s(t)  =  £^_1s'nf(t,an)  w»th  E^K^/m^Uan})  <  oo, 
i.e. 

s(t)  =  En  =  1snfn(t)  with  <  oo. 


."W* . 


■V  XW: 


|fn(t)|a 


invertible 


Furthermore  a  translate  which  is  not  admissible  is  singular. 


Proof:  i)  Since  lg  £  La(m)  =  JL(f),  for  any  B  6  5,  there  exist 
0n(B,-)  €  sp{(f(t,- );  t  €  T)},  n  =  1,2,...,  i.e. 


MB,)  =  Ej'ilB)‘„,k(B)f(tnJt(B).-). 


such  that 


Define 


<Pn(B,-)  —  1  o( * )  in  La(m) 


as  n  -*  oc. 


^>n(B,x)  =  E^^n^B)  *<Vk(B)),  *  €  XT. 


(2.2.7)  0n(B,X(.,w)>=  E^iB)%,k(B)X(tnk(B),w) 


=  / j0n(B,u)Z(du,w)  ■—  /,lB(u)Z(du.w)  =  Z(B,w) 


in  Lp  (hence  in  probability)  as  n  — >  oo.  Thus  (<?in(B,-);  n  6  IM)  converges  in 
measure.  Let  (d>n^(B,-);  k  €  N)  be  a  subsequence  converging  a.e.  (/i^)  and  define 


Z(B)  =  Z(B,-)  =  liimnfo^nk  (B,  •)  l{x.^nk(Bij)  converges}(0 


Z(B,*)  is  a  well  defined  C-measurable  function  on  X  for  each  B  E  3.  Hence 
Z  =  (Z(B):  B  €  3)  is  a  stochastic  process  on  the  probability  space  (X^,C./j^),  and  from 
(2.2.7),  Z(B,X(-,ui))  —  Z(B,w)  a.s.,  so  that  Z  is  equal  in  law  to  Z.  i.e.  Z  is  an 
independently  scattered  SaS  random  measure  with  control  measure  m. 

i)  =>  ii)  Let  s  be  an  admissible  translate  of  X.  From  Proposition  2.1.4.  s  €  F .  i.e. 


/  ■  '  •  ’  *'  %■  %  s'  ",  V  ^  *-  ■»  ."V  .S  .s  .  ►  .  ^  ,  •  *  »k  *>  ’  .  *  ,  "  »  *  <  ~  fc  ■  >  “  «  'W*  /  '| 


for  p  €  (0,0;), 


'£'k=laks(tk)'  -  ^^F^k  =  lakX(tk)llLp(P)- 


Hence  as  in  Proposition  2.2.1,  F[^a_^a^X(tj£)]  =  5Zj|_^alcs(tl{)  *s  a  we^  defined 


continuous  linear  functional  on  JL(X)  and  s(t)  =  F[X(t)].  Thus 


tn(B,s)  =  Ek“(!B)  Vk(B)s(ti«,k(B)) 


=  F'E^(1B)  anik(B)X(tn  k(B)]  -  F[Z(B)] 


Hence  for  all  B  €  3, 


(2.2.9)  Z(B.s)  =  F(Z(B)) 


(2.2.10)  Z(B,s  4-  x)  =  Z(B  ,s)  +  Z(B,x). 


Now  if  Zj(B,-)  =  Z(AcnB,-),  then  Zd  =  (Zd(B,-);  B  €  3)  is  an  independently 
scattered  SoS  random  measure  with  control  measure  md  and  by  (2.2.10)  it  has  Zci 
as  an  admissible  translate.  But  md  is  non-atomic,  thus  by  Proposition  2.2.1. 


Z  >  ( •  ,s)  =  0,  i.e.  for  all  B  €  3, 


0  =  Zd(B,s)  =  Z(AcnB,s)  =  F(Z(AcnB))  =  F(Zd(B)). 


and  hence 


s(t)  =  F[X(  t )]  =  F[Xa(t)  +  Xd(t)J  =  F[Xa(t)] 


(since  X{.  is  obtained  by  a  linear  operation  on  Zd  which  implies  F[Xd(t)]  —  0). 


m 


Therefore 


(2.2.11)  s( t)  =  F[Xa(t)]  =  F(E^=1  fn(t)  Zn] 

=  ELifn(‘)F(Zn)  =  E?=1fn(0»n 

—  —  ^  fn(l'an)  snt 

1  j  cx 

where  sn  =  F(Zn)  and  s'n  =  m  ({an})sn-  On  the  other  hand 

Xa  =  (Xa(t,x)  =  E„=1  f(t,an)Z({an},x);  t  €  I) 

has  distribution  and  by  the  linearity  of  the  map  x  —  Xa(-,x),  the  function  Xa(-,s) 
is  an  admissible  translate  of  X  and  hence  of  Xa.  But 

Xa(t,5)  =  E„=1  f(t.an)Z({an},5) 

=  ZnN=1  f(t.an)F[Z({an})] 

=  f(t,an)s'n  =  ^n(t)sn  —  s(t)< 

i.e.  s  is  an  admissible  translate  of  Xa. 

Hi  ^  U  The  proof  is  identical  to  that  in  Proposition  2.2.1. 

IQ  i£.  iiil  The  proof  is  as  in  Proposition  2.2.1,  with 
un(n.x)  =  Z({an})/m  ^  ({an}),  so  that  by  (2.2.9) 

(2.2.12)  t  (n,s)  =  Z({an },  s)/m1,/“({an}) 

=  F[Z({an})]/m1/a({an}) 

=  ■5'n/ml//a({an})  =  sn. 

To  prove  that  a  translate  which  is  not  admissible  is  singular,  it  suffices  to  consider 


s  £  F(X),  i.e.,  s(t)  =  F[X(t)],  as  by  Proposition  2.1.4,  s  £  F  implies  singularity. 

Suppose  F[X^(t)]  0.  Then  there  exists  B  £  5  such  that  F[Zd(B)]  ^  0  and  by  (2.2.9), 

Zd(B,s)  =  Z(AcnB,s)  =  F[Z(AcnB)]  =  F[Zd(B)]  £  0. 

It  follows  from  Proposition  2.2.1  that  and  hence  Ps  +  x  ^X" 

Therefore  s(t)  =  F[Xa(t)]  =  £^_^fn(t)sn  and  as  ln  the  proof  of  proposition  2.2.1, 

E„  =  1lsnl“  =  00  implies  Hs+X  -L  PX'  □ 

It  follows  from  Proposition  2.2.2  that  for  an  invertible  SaS  process  with  nonatomic 
control  measure  every  non-zero  translate  is  singular.  In  particular,  this  contains 
Corollary  10.1  of  Zinn  (1975).  Applied  to  SaS  processes  with  purely  atomic  control 
measure.  Proposition  2.2.2  is  a  stochastic  process  version  of  a  result  proved  in  Thang 
and  Tien  (1979),  Theorem  4,  for  SaS  measures  with  discrete  spectral  measures  on 
separable  Banach  spaces.  The  proposition  completes  the  result  in  Thang  and  Tien 
(1979)  providing  a  dichotomy  for  the  problem  of  admissible  translates. 

Proposition  2.2.2  also  provides  examples  where  the  set  of  admissible  translates  is  a 
non-trival  proper  subset  of  the  function  space  F  of  the  process  X.  E.g.  if 
X(t)  =  Z~=1  fn(t)Zn,  t  £  T,  where  Z^,  Z0,...  are  i.i.d.  standard  SaS  random  variables 
with  1  <  a  <  2  and  La-sp{(fn(t);  n  £  N);  t  £  T }  =  lQ,  then 

Fa  =  {s:  s(t)  =  ;  sn  fn(t).  E*_j  lsnlQ  <  x}, 

while  the  set  of  admissible  translates  is  the  infinite  dimensional  subspace  (since  a*  >  2) 
of  Fa  for  which  En_jlsnl~  <  00:  hence  we  have  equality  only  if  a  =  2.  and  proper 
inclusion  if  1  <  a  <  2.  There  is  a  natural  identification  between  the  set  of  admissible 


translates,  which  is  always  a  linear  space,  and  the  Hilbert  space  /., ,  namely 


(sn;  n  €  N)  —  s(-)  =  T,^=1  snfn(')- 

This  map  is  invertible  with  the  inverse  map  given  by  the  transformation  xj>  defined  in  the 
proof  in  Proposition  2.2.2  restricted  to  the  set  of  admissible  translates  of  X  (cf.  2.2.12). 
Thus  for  every  a  £  (0,2),  the  linear  space  of  admissible  translates  can  be  given  a  Hilbert 
space  structure  by  defining  the  inner  product 

<s1,s2>  =  <(sl  n),(s2  n)>  ^  sl,ns2,n  ’ 

where  Sj(t)  =  n  fnC4)*  •  =  1,2.  Note  that  in  this  case  when  1  <  a  <  2, 

\\s\\f  =  (Dsnl°  )^a  and  hence  ||-|IF  is  not  a  natural  norm  on  the  linear  space  of 
admissible  translates,  in  contrast  with  the  case  of  Gaussian  (a  =  2)  and  a-sub-Gaussian 
processes  with  1  <  a  <  2. 

Important  examples  of  SaS  processes  with  invertible  spectral  representation  are 
presented  in  the  following. 

Harmonizable  SaS  processes  (and  sequences). 

Let  X  —  (X(t);  t  £  T),  T  =  R^  or  Z^,  d  £  N,  be  a  SaS  harmonizable  process,  i.e.,  X 
has  the  representation 

X(t)  =  /,  e‘<t,U>Z(du),  t  €  T, 

where  II  =  R^  and  [  —  for  T  =  R^  and  Z^  respectively  and  Z  is  a  SaS 

independently  scattered  random  measure  with  finite  control  measure  m,  referred  to  as 
the  spectral  measure  of  the  harmonizable  process  X.  If  the  spectral  measure  m  is 


nonatomic  and  0  <  a  <  2  then  it  follows  from  Proposition  2.2.2  that  X  has  no 


nontrivial  admissible  translate.  When  the  stable  distribution  of  Z  is  radially  symmetric, 
i.e.  when  X  is  stationary,  this  result  exhibits  a  different  behavior  compared  with  the 
stationary  Gaussian  processes  a  =  2,  whose  admissible  translates  are  precisely  the 
functions 

s(t)  =  I S  e'<t,U>  z(u)m(du),  z  E  Lr,(m). 

In  contrast,  if  m  is  purely  discrete,  i.e.  X  has  a  Fourier  series  representation 

X(t)  =  E„=1  bn  e‘<Cn,t>  Zn,  N  <  oo, 

with  Zn’s  i.i.d.  standard  SaS  random  variables  and  5r^°_^|bn|a  <  oo,  the  set  of 
admissible  translates  is 

{*s(t)  =  £N=1  sn  ei<Cn’t>  ;  ^=1  l»n /b„ |2  <  oo}, 

and  depends  on  a,  0  <  a  <  2,  only  via  the  sequence  (bn;  n  6  N)  E  la-  In  other  words 
for  fixed  (bn;  n  E  N)  E  Ig,  1  <  0  <2,  define 

Xa(t)  =  bnexp{i<cn,t>}Zn-Q,  , 

where  the  Zn  a’s  are  standard  i.i.d.  SaS  with  0  <  a  <  2  for  1  <  0  <  2  and  1  <  a  <  2 
for  0=1.  Then  all  these  processes  Xa  have  the  same  set  of  admissible  translates. 

Continuous  time  SaS  moving  averages. 

Another  class  of  SaS  processes  is  the  class  of  real  moving  averages. 


.‘I  >  j'UlMlhllM.U 


X(t)  =  / R  f(t  — a)Z(du),  t  6  R, 


where  Z  has  Lebesgue  control  measure  and  f  €  La(Leb).  When  f  vanishes  on  the 
negative  line,  they  are  called  nonanticipating  moving  averages  and  they  occur  as  the 
stationary  solutions  of  n^  order  linear  stochastic  differential  equations  with  constant 
coefficients  driven  by  stable  motion  Z. 

In  the  Gaussian  case  a  —  2  the  admissible  translates  coincide  with  the  function 
space  (RKHS) 


F9  =  {s:  s(t)  =  /jjf(t  — u)z(u)du,  z  G  I^Leb)} 

=  {s:  s  €  I^Leb),  s/ f  €  I^Leb)}, 

where  '  denotes  Fourier  transform. 

Examples  of  moving  averages  with  invertible  spectral  representation  and  therefore 
with  no  admissible  translates,  can  be  obtained  by  taking 

i)  f  continuous  and  equal  to  zero  on  (—  oo,0)  and  at  infinity  (Atzman  (1983), 
Theorem  2), 

ii)  a  G  (1.2)  and  f  the  Fourier  transform  of  some  function  F  in  LQ*(Leb)  with  F 
^  0  a.e.  (Leb)  (Titchmarsh  (1928),  Theorem  75). 

Case  i)  includes  nonanticipating  moving  averages  with  continuous  kernel  f,  while 

case  ii)  contains  certain  nonanticipating  moving  averages  with  discontinuous  kernels  f, 

namely  the  stationary  solutions  of  n1^1  order  linear  stochastic  differential  equations  with 

constant  coefficients.  There  f(t)  is  a  linear  combination  of  functions  of  the  type 

t^—  ^e~ atl/n  \(t)  with  k  G  N  and  a  >  0,  which  are  Fourier  transforms  of  the 
(0,oc>)v 

L  *( Leb)  functions  T(k) /[2ir(a  +  iu )).  Hence  f  is  the  Fourier  transform  of  an  L^*(  Leb) 
function  which  is  not  zero  a.e.  (Leb)  so  that  sp{f(t  — •);  t  G  R}  =  La(Leb),  i.e.  X  is 
invertible.  Thus  solutions  of  n*^  order  stochastic  differential  equations  driven  by  SaS 


>  v  -M.vVv.v •W^.v.V>.v:>Vvvv' 


motion  have  no  admissible  translate  for  1  <  a  <  2.  This  is  in  sharp  contrast  with  the 
Gaussian  case  a  =  2.  E.g.,  if  n  =  1,  f(t)  =  e-1!^  ^(t)  anc^  the  stable  Ornstein- 


Uhlenbeck  (OU)  process 


X(t)  =  /‘e  (t  U)Z(du),  t  e  R, 


has  no  admissible  translates  for  1  <  a  <  2,  while  for  a  =  2  all  translates  of  the  form 


s(t)  =  e  ^  U^z(u)du,  z  6  Lr,(Leb)  and  t  £  R, 


are  admissible  for  the  OU  process  X. 

Discrete  time  SaS  processes  (SaS  sequences)  with  invertible  spectral  representation 
have  similar  sets  of  admissible  translates  in  the  Gaussian  and  non-Gaussian  stable  case. 
Of  course  nonadmissible  translates  are  singular. 


Independent  sequences  and  partial  sums  of  independent  SaS  random  variables 
The  set  of  admissible  translates  of  a  sequence  of  independent  SaS  random  variables 
X  =  (Xn;  n  €  M)  is  given  by 


{s  —  (sn;  n  €  N);  ^Zn—  ^  (sn  /  ll-^n  lla)  <  °°}- 


The  set  of  admissible  translates  of  a  sequence  (Yn  =  n  £  IM)  of  partial 

sums  of  independent  SaS  random  variables  X^  is 


{s  =  (sn;  n  €  N);  (sn-sn_1)2/||Xn|la  <  oo,  sQ  =  0}. 


Mixed  auto- regressive  moving  averages  of  order  (  p.q)  ( A R M A  ( p.o)). 
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Let  X  =  (Xn;  n  £  N)  be  defined  by  the  difference  equation 


xn— aixn_ 1  -  ■  •  “  apxn  — p  -  Zn+bizn_i  +  •••  +  bqzn-< 


where  Z  =  (Zn;  n  £  N)  is  a  sequence  of  i.i.d.  standard  SaS  random  variables.  If  the 
polynomials  P(u)  =  1— a^u  — ...  — apU^  and  Q(u)  =  l  +  b2U  +  ...bqU^  satisfy  the 
condition  P(u)Q(u)  yt  0  for  all  u  €  C  with  |u|  <  1,  then  the  difference  equation  defining 
X  has  a  unique  stationary  solution  of  the  moving  average  form 


~  EL-*  gn-kZk’ 


'k=  — oo 

and  in  addition 

2»  =  xn  -  !  hj  X„_j 

(see  e.g.  Cline  and  Brockwell  (1985)).  The  coefficients  {gn;  n  6  N}  and  {hn;  n  6  N)  are 
uniquely  determined  by  the  power  series  expansions 


Q(u)/P(u)  =  X)£o  gjuJ  and  P(u)/Q(u)  =  i-EjL  bj  M  <  1. 


Thus  i.(X)  =  i-(Z),  i.e.  X  is  invertible,  and  hence,  by  Proposition  2.2.2., 
s  =  (sn;  n  £  Z)  is  an  admissible  translate  of  X  if  and  only  if  it  is  of  the  form 


3n  -  EL-oo  gn  — kz 


where  Y'?°  z?  <  oo. 

^k=—  oo  k 

We  should  note  the  different  behavior  of  moving  averages  in  continuous  and  in 
discrete  time.  A  continuous  time  moving  average  may  have  no  admissible  translates, 
whereas  a  discrete  time  ARMA  sequence  has  a  set  of  admissible  translates  identical  to 
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the  Gaussian  case.  The  difference  will  be  in  the  form  of  the  Radon-Nikodym  derivatives. 


2.3  Comments  on  the  Radon-Nikodvm  derivatives 

Expressions  for  Radon-Nikodym  derivatives  in  the  non-Gaussian  stable  case  are 
difficult  to  obtain  even  in  the  case  of  invertible  processes  since  no  analytic  expression  is 
generally  available  for  the  SaS  densities. 

As  observed  in  Section  2.2  the  measures  p^  and  ps_^v  are  convolutions  of  the 
measures  p^  with  p-^  and  Ps_|_x  with  p^  respectively,  or  in  other  words  if 
E:X^xX^  — *  XT  is  the  map  =  X\+Xr>  then  p^  =  (p-^  xA*x  ^  and 

Ps  +  X  =  +  X  x^X  When  ^  ^X’  we  ^ave  the  following  lemma  is 

useful 


Lemma  2.3.1  Let  (Q-,  <T),  i  =  1,2,  be  measurable  spaces  and  let  the  map  T:  >Q0  be 

measurable.  If  p^  and  p9  are  probability  measures  on  such  that  p9  <C  p^,  then 


dp9T 

dp,T 


rioT  =  S 


(asj/T)  *•'•<"1) 


r^(“»  -  E"i (d^/T  =  “) 


Proof.  Clearly  p9 T  ^  p^T  ^  and  ^or  ^  G  <5<>  we  have 


dp9T  ^  dp9T  *  , 

/  1  — 2 - r  o  T  dp,  =  /  —2 - T  dp,  T— 1 

T  l(B)  dpjT-1  1  B  dpxT_1  1 


M  *  ■  '"X  bb  **  a,  b  —"Xt  *%•  ^  B  *  •  _  ”  B  _  *" «  “V,  *%•  ^  *»  _  \  ~\b  *  ,b  ~B  ^  .  B.  M  m  m  "V  w  -w 


/  Si 


follows  from  Lemma  2.3.1  that  if  ^  ^en  a-e-  (/*x) 


d^5+X 


l‘x  \  d|xxa  '^x, 1  / 


"x  l  d'‘xa  -  -  1 


d,‘^".X,‘Xd  „  t  ,  =  ^£±x, 

d^Xax^Xd  r  2  d^xa 


dpX  ,  dps  ,  v 

_ a  /„  \  _  5  +  Aa 


<*•>  ^ ^ 


The  determination  of  the  above  conditional  expectation  is  not  possible  in  general. 
However  if  the  process  is  invertible  and  has  only  atomic  component,  the  invertibility  of 
the  process  allows  the  representation  of  the  Radon-Nikodym  derivation  in  terms  of  a 
standard  SaS  density  as  shown  in  the  following 


Proposition  2.3.2.  Let  X  =  (X(t);  t  €  T)  be  a  SaS  process  with  a  G  (0,2),  invertible 
spectral  representation  and  discrete  control  measure.  If  s  is  an  admissible  translate  of  X, 


then  a.e. 


d^s  +  X  /  _  nN  /'f  ('l'(n.i)-'f(n ,s))  \  _  VJ 

■357"  W  n»=i  - -  t  1  e  X  ' 


where  is  defined  in  (2.2.12)  and  f  is  the  standard  SaS  density. 


Proof.  Let  9:  X^— »  X^’“’  be  tbe  map  defined  in  (2.2.12),  i.e. 


*(*)  =  (*(n,x)  =  Z({an},r)/m  '“({an});  m  6  {1,2 . n}nN). 


'.  .'V1/' jV’/V/V  V  V  V.V,','.  v,  /,  AC,  A  /,  /,  •  ,  f,  >T.  J 

*  a  *  «  *  «  ■»  *■  %  *a  .  %  **  -  m  *•  ■  *  J,  /  M  "■  1 *  -  *"  m  *  •  "  m  *  k  *•  "  *,V  *  j,  * 


By  lemma  2.3.1., 


d^+X*  1 

d^x*'1 


*  =  E 


^X 


fe±x 
\  d^x 


Since 


^X({x;  *(t)  =  E„=1  fn(t)  *(n,x)}) 

=  P({w;  x(t,w)  =  E„=1  fn(t)  *(ntX(.,«))}) 

=  P({W;X(t,w)  =  E„=1  fn(t)  Zn(«)})  =  1 


we  have  C  =  (r('t)  (where  denotes  the  completion  with  respect  to  (/j 
that 


f^a+X 
V  d^x 


d^s-f  X 

d^x 


On  the  other  hand  by  Kakutani’s  Theorem  (or  trivialy  if  N  <  oo), 


d^+x^  1 

d^X^~ 


/  \  _  nN  f(yn-^(n^)) 

(y)  -  lln=1  f(yn)  ' 


y  =  (yn ;  n  €  { 1 ,... ,n } D N).  Therefore 


For  x  =  X(*,w)  the  Radon-Nikodym  derivative  can  be  expressed  as 


s  +  X/w  \\  nN  f/z({an},.)  /  c  (  Z({an},w) 

— -  (X(.,W))  -  nn=1  n  i/  )/  f  - !/«—■■■ 

X  V  m  /  ( {an } )  '  '  'm  X  ({an}) 


a.e.  (P).  where  sn  =  m  ({an})'i'(n,s). 

n 

When  a  =  2,  f(x  +  s)/f(x)  =  exp(sx  — s^/2)  and  thus  we  have  the  well  known 
expression 


(x)  =  exP  ~  sn /2)] 


where  for  {<£n;  n  6  N}  a  complete  orthonormal  system  of  eigenvectors  of  the  covariance 
operator  of  X  and  {An;  n  €  N)  the  corresponding  eigenvalues 


xn  =  'F(n.x)  =  An  /,  x(t)  0n(t)dt, 


sn  =  V{n ,s)  =  An  /j  s(t)  <!>a(t)dt. 


or  equivalently 


to  —1/2 

*0)  =  5Zn_j  ^n  ^n(Oxn' 


oo  -1/2  9 

s(l)  —  Hn_j  ^n  <^,n(t)sn'  £|snl  <  00 


For  non-Gaussian  stable  processes  explicit  expressions  for  'I'  are  not  available  in 
general.  One  example  where  this  is  possible  is  when  X  is  a  Fourier  series,  i.e. 


-  t.  V  ■-  V  V  V  V  V  V  v  >  V  . 


vv.v 


-  \.>  .VlV.V.V .  *  . N  ,.\V.V.V.VV,>. 
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X(t)  =  E^=1  bn  e‘CntZn,  S|bn]a  <  oo,  t  G  T  . 


Using  arguments  identical  to  the  invension  theorem  for  Fourier  transform,  one  can  show 
that 


-  ^(n,*)  = 


b”  'nli-oc2iJ  -T 


_LfT 

.  9ir  J  . 


—  iCnt 


i(t)dt, 


where  the  limit  is  in  /j-^  (ps_|_x)  measure  and  for  s  an  admissible  translate,  i.e. 


s(t) 


Eoo 
n=l 


bn 


t 

sn  t 


<  oo  , 


we  have 


—  bn  1  lim  J=~  f 

T-oo2tt  j 


e'Cn,t(t)dt. 


Thus 


i.e. 


*^s+X  /  _\  n0®  f(xn  sn)  _  _  / ..  \ 

(X)  =  nn=1--ffx„T  -  a.e.  (mx), 


d/^ 


f(xn) 


=  n"  i 


f(  lim 
\T— >c 


27rbn  J  -T 


rT  — icnt 

J  -e 


n  [X(t,w)-s(t)]dt  ) 


feoo  at  Si T  e,c"‘x(,.-0d, ) 


a.e.  (P). 

Other  cases  where  the  map  'F  can  be  determined  are  the  discrete  time  SaS 
processes  we  discussed  in  Section  2.3,  e.g.  in  the  inventible  ARMA(p,q)  we  have 


*(n,x)  = 


so  that 


Zn(w)  =  XntwJ-Ej^ihjXH^u,), 


EOO  i 

•  <  h  •  s  • « 

J=1  J  n— j’ 


where  zn  is  as  in  example  in  Section  2. 

It  is  well  known  that  the  likelihood-ratio  test  is  a  decision  rule  that  is  optimum 
with  respect  to  either  a  Neyman- Pearson  or  Bayes  criterion,  i.e.  if  we  observe  Y  and  we 
want  to  test 


Hq-.  Y  =  X  versus  H^:  Y  =  s+X, 


the  optimal  procedure  is  to  reject  Hq  if 


(Y)  >  L 


for  some  appropriately  determine  threshold  (dependent  on  the  criterion  used). 
In  the  Gaussian  case  (a  =  2)  this  procedures  reduces  to 


E^Lisn  xn  >  L'  • 


In  the  non-Gaussian  case,  the  likelihood  ratio  is  difficult  to  implement  even  when  it  is 
expressed  in  the  form  jf(xn  — sn  )/f(xn  ). 

The  log  of  the  ratio  f(x  — s)/f(x)  has  been  studied  in  Stuck  (1976);  using  series 
expansions  of  the  density  f.  Plots  for  log{f(x  — s)/f(x)}  =  ls(x)  were  presented  for  some 


fixed  values  of  s.  Stuck  (1976)  also  investigated  the  performance  of  the  likelihood 
(optimal)  test  versus  the  linear  (Gaussian)  decision  rule  for  a  finite  number  of  terms  and 
fixed  s.  i.e.  the  case  where  the  Radon-Nikodym  derivative  is  given  by  the  finite  product 


t-tN  f(*n~s) 

11n=l  f(xn)  ’ 

and  the  plots  showed  that  the  likelihood  procedure  has  in  general  a  much  smaller 
probability  of  error  than  the  linear  rule,  even  for  values  of  a  close  to  2,  such  as  a  = 

1.95. 

All  inventible  SaS  processes  with  nonatomic  control  measure  have  no  (nontrivial) 
admissible  translates  when  0  <  a  <  2,  whereas  in  the  Gaussian  case  a  =  2,  their  set  of 
admissible  translates  coincides  with  their  RKHS,  which  is  a  quite  large  class  of  functions. 
Thus  the  detection  of  a  nonrandom  signal  in  additive  SaS  noise  satisfying  these 
assumptions  can  in  principle  always  be  achieved  with  probability  one  even  for  signals  of 
comparable  smoothness  with  the  noise,  i.e.  the  detection  is  singular  (even  though 
practical  detectors  achieving  this  remain  to  be  found).  In  contrast  in  the  Gaussian  case 
(a  =  2)  the  additive  signal  detection  problem  is  regular  for  signals  with  comparable 
smoothness  with  the  roise  (signals  in  the  RKHS),  i.e.  a  Neyman- Pearson  test  can  be 
constructed  having  a  specified  probability  of  false  alarm  which  maximizes  the  probability 
of  detection  (which  is  of  course  always  less  than  1). 
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CHAPTER  III 


RESULTS  ON  EQUIVALENCE  AND  SINGULARITY 

3.1  On  the  equivalence  and  singularity  of  certain  product  measures 

The  Lebesgue  decomposition  of  product  measures  was  first  studied  and  completely 
solved  in  Kakutani  (1948).  His  criterion  is  given  in  terms  of  the  Hellinger  integrals  of 
the  marginal  measures,  which  may  be  difficult  to  compute,  e.g.  for  stable  measures. 

The  more  special  problem  of  translates  of  product  measures  with  identical  one 
dimensional  marginals  was  settled  in  Shepp  (1965)  in  the  ease  of  finite  Fisher 
information.  It  was  observed  in  LeCam  (1970)  that  under  LeCam’s  ”f’  condition  the 
sufficient  condition  for  equivalence  in  She"i'  (1965)  can  be  extended  to  a  more  general 
scenario. 

Here  we  show  that  under  a  condition  closely  related  to  LeCam 's  condition,  a  nearly 
complete  extension  of  Shepp’s  theorem  holds.  As  an  application  the  result  on 
equivalence  and  singularity  between  a  sequence  of  i.i.d.  random  variables  and  an  affine 
transformation  of  itself  extends  to  a  large  class  of  nonGaussian  distributions,  which 
includes  n  particular  all  stable  distributions.  Our  result  also  contains  that  of  Steele 
(1986)  on  the  extension  of  Shepp's  theorem  to  rigid  Euclidean  motions  (i.e.,  rotations, 
translations,  and  their  compositions)  of  an  vector. 

In  Section  3.3  these  results  will  be  used  to  study  the  Lebesgue  decomposition 
between  certain  SaS  processes  (e.g.,  independent  increments,  harmonizable). 

Before  stating  the  main  results  we  need  to  introduce  some  concepts  for  which  we 
refer  to  Strasser  (1985)  Chapter  1,  Section  2  and  Chapter  12  Sections  75  and  78. 


3.1.1  Preliminaries 


Given  two  probability  measures  P  and  Q  on  a  measurable  space  (Q,  T)  their 
normalized  Hellinger  distance  d  and  integral  H  are  defined  by 


d-(P.Q) 


-  y0 1  m  )I/2-  <«• 


\  d  v  ) 


H(P,Q) 


dt'. 


where  v  is  any  rr-finite  measure  dominating  P  +  Q,  i.e.  P  +  Q  <C  v  (e.g.  v  —  P  +  Q). 
They  do  not  depend  on  t/  and  satisfy 


0  <  H(P.Q)  <  1  and  1  -  H(P.Q)  =  d2(P.Q). 


Kakutani’s  theorem  states  that  if  (pn;  n  €  N  )  and  (An,  n  €  N)  are  sequences  of 

Xoo  y°° 

n_^pn  and  A  =  An  =  ^An  are  their  product  measures. 

then 

(3.1.1)  pi  A  «■  n^1H(M„1  An)  =  0  o-  E^d2  (#*n-An)  =  30 

and  if  Mn~An  for  aH  H  then 

(3.1.2)  m  ~  A  O  n^°=1H(Mn.  An)  >  0  O  E^d^Mtu  *n)  < 

(see  Kakutani  (1948)). 

VVe  consider  the  following  setting.  (flT.^)  is  a  cr-finite  measure  space,  and 
{ f > ^ :  6  €  0}  a  family  of  probability  measures  on  (f2. T)  which  are  absolutely  continuous 
with  respect  to  u.  where  0  is  an  open  cubset  of  R^.  Define  F:0  —  Lr,(f2.T.;/)  =  LoQ') 


F  is  said  to  be  differentiable  at  9,  if  there  exists  a  map 


DF(-,0)  =  DF(0):  Q  — ►  Rk 

such  that 

»)»2Rk  ■<<->  <  oo. 

i.e.  DF(0)  €  L0(Q,'?,i/;  Rk),  and 

/nl  F(0  +  h)-F(0)-  <DF(^),h>Rk  |2  di,  =  o(||h||2k)  as  ||h||R  -  0 

As  usual  F  is  said  to  be  differentiable  (on  0)  if  it  is  differentiable  at  each  0  6  0.  The 
Fisher's  information  matrix  is  defined  by 

1(0)  =  fQ  DF (9)  DF(0)T  dj/ 

(where  DF(0)  is  the  transpose  of  the  column  vector  DF(0)).  It  is  non  negative  definite, 
as  aTI(0)a  =  J^(aTDF(0))2di/,  and  is  positive  definite  if  and  only  if  the  components  of 
DF(0)  are  linearly  independent  functions  in  L0(i/). 

3. 1.2  Main  result 

As  in  LeCam  (1970),  our  purpose  is  to  consider  product  measures 


r.  <01  <r.  w.jrw  Wi>r,  y.  WIT.  y.  y.y.  ATT.'V.'y’.  ."J*  ■yc’J1  '-■-  .-V  .-.  vvvifWi 


XOO  w  OO 

n=  ldn  3-nd  A  =  ^n  =  l^n  » 


where 


Mn  —  Po  and  An  —  P 


^  +  hn’ 


0  €  0  is  fixed  and  0  +  hn  6  0,  n  =  1,2,....  Under  the  condition 


'T:  limsup  H(P.  ,,P0)/||h||  ,  <  °°’ 

Hh||  k-o  *+h  Rk 

Rk 


LeCam  (1970),  Proposition  2,  proved  that  V}00  ,  II hn  II  u  <  oo  implies  n  ~  A.  Here, 

n  =  l  |jjK 

under  the  conditions  that  F  is  differentiable  at  0 ,  1(0)  is  positive  definite  and  the 
probability  measures  (P^;  0  6  0}  are  sufficiently  separated,  we  obtain  necessary  and 
sufficient  conditions  for  equivalence  and  singularity. 

The  separation  type  condition  that  we  assume  is 


(3.1.4)  ’’for  all  sufficiently  small  6  >  0,  ^  inf  ^d^Pg^,  P^)  >  0  ”  . 

io  k 


Note  that  if  (3.1.4)  does  not  hold  then  there  exists  S  >  0  and  a  sequence  (hn;  n  6  INI)  in 
R*4  with  |]hn ||  k  >  6  such  that  d“(P^  +  j)  ,P^)  —  0  as  n  —  oo,  i.e.  for  any  t  >  0  and 
for  n  large,  d(P^  +  ^  ,P^)  <  e,  and  using  a  well  known  relation  between  Hellinger 
distance  and  total  variation  distance  (see  e.g.  Strasser  (1985))  we  have 


dv(P0  +  hn’IV  ~  P0  +  hn(E)  P0(E)I  S  2  /  d(P0  +  hn’P0)  <  2  ^  f' 


Hence  if  condition  (3.1.4)  is  violated,  for  c  arbitrarily  small  there  exists 
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DJ 
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with  |jh||  i  <  6  such  that 

RK 


Es^  I  pe+h(E'>  -  pe^  I 


<  f. 


Thus  in  this  sense  (3.1. 4")  is  a  separation  type  condition. 

We  should  also  mention  that  the  proof  of  the  sufficient  condition  for  equivalence 
can  be  obtained  directly  from  LeCam  (1970),  Proposition  2,  since  L^-differentiability  is 
clearly  stronger  than  condition  but  we  choose  to  include  a  complete  simple  proof 
here. 


Proposition  3.1.1.  Let  fj  and  A  be  as  in  (3.1.3),  F  be  differentiable  at  9  £  0  and  1(0)  be 
positive  definite. 

i)  If  0  <  ||hn ||  ,  —  0  as  n  —  oo,  then 

RK 

,1X  «  £“  !  I|h„||2k  =  oo 

and 

p  ~  A  E~=1  WKWh  <  oo. 

K 

ii)  If  condition  (3.1.4)  is  satisfied  then  i)  holds  for  any  sequence  (hn;  n  £  N). 


Proof.  If  since  F  is  differentiable  at  6,  as  0  <  ||h|| 

R 


F(0  +  h)  -  (F(0)  <DF(0),  h>  , 

Rk 


k 

II 


— »  0  we  have 


hence 


I  =  o(l)  . 


l|F(0  +  h)  -  F(6>)||r  ,  . 


|| <DF(tf),h>  ,  |L  /  , 


Thus  for  any  e  >  0,  there  exists  8  =  8(e)  >  0  such  that  if  0  <  ||h||  .  <  8, 

RK 


:DfW-h>Rk«L,(,)  NF(*+I.)-F(()Hl!!W  ll<DF(«).h>RkllL2(„) 

«h»Rk  '  IIMI„k  ■  <  l'h«„k 


llhIL  k 

rk 


|<DF(tf),h>Rk||2  }  =  /Q|<DF(^),h>Rk|2d1/  =  hTI(fl)h, 


hence  for  all  h  E  h  ^  0, 


||<DF(*),h>  k|| 

k(9)  s - IM  "  '  s  K<9) 


where  k(0)  and  K(0)  are  the  smallest  and  the  largest  eigenvalues  of  1(0).  Since  1(0) 
positive  definite  k(0)  >  0  and  we  can  choose  e  >  0  with  0  <  k(0)  — e  so  that  for  all 


0  <  HhLk  < 


l|F(*  +  h)  -  F(0)|iL  ,  } 

0  <  L(0)  <  - jj^jj - 2—  <  U(0) 

Rk 


where  L(0)  =  k(0)  —  e  and  U(0)  =  K(0)  +  e.  Thus  since  P^,)  = 

||F(0)  — F(0')||?  ,  x/8  we  have  for  n  large 


L2(0)  t! h n  !l| 


U2(0)  ||hn||2 

k  <  d2(^n^n)  <  - g - 8- 


and  the  result  follows  from  (3.1.1.)  and  (3.1.2). 

ii)  If  (3.1.4)  is  satisfied  and  |]hn||  >  -/*  0.  then  there  exist  6  >  0  and  a 


lVO 


lbsequence  (n;;  j  €  N)  with  ||h  ;||  ,  > 

J  R 


6  such  that 


E^=1d2  (Pn,An)  >  Ej^OvV  > 


oo  .2/ 


>  Ej^i  >nfd2(P^  +  h,  P0)  =  oo  , 


and  from  (3.1.1),  p  L  A.  This  combined  with  i)  gives  the  result 


It  should  be  mentioned  that  the  differentiability  of  F(0)  is  generally  difficult  to 
verify,  but  it  can  be  shown  that  it  is  implied  by  the  classical  regularity  conditions, 
usually  called  Cramer-Wald  and  Hajek’s  conditions,  which  play  an  important  role  in 
statistical  estimation  theory  and  are  in  principle  easy  to  check  (see  e.g.  Strasser  (1985), 
§77).  However,  L^-differentiability  is  weaker  than  any  of  these  classical  conditions,  and 
the  definition  of  Fisher  information  presented  here  extends  the  classifical  one.  namely 


1(0)  -  -  E; 


(&  -  (&) 


u  0 

under  the  usual  conditions  on  — j-2. 

dt' 


3.1.3  Examples 


3. 1.3.1  Affine  Transformation  in  R^. 

Suppose  (Xn;  n  £  N)  is  a  sequence  of  i.i.d.  random  vectors  in  R^,  (An;  n  £  N)  a 
sequence  of  kxk  matrices  and  (bn;  n  €  N)  a  sequence  of  vectors.  If  we  want  to  compare 
the  sequence  of  random  vectors  (Xn;  n  €  N)  with  (AnXn+bn;  n  6  N)  we  can  take  as 
parameter  space  0  any  open  subset  of 


vV*>N-N » 

.  /.  c. AA AA/Av.i  t.A.’vvc  O  o -V 


Ek 


vivE 
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{0  =  (A,b);  A  =  (ajj):kxk  matrix,  b  =  (bj )  €  Rk}  = 


=  {$;  $  —  jj ’"'^kk ,^l’"',^)k )}  — 


k^  +  k  k~  W 

R  +  =  Rk  x  Rk 


containing  the  point  (1,0),  with 


iiAii'ikxk  =  »b'^k  =  Er=ibi 


2  _  vk  k2 


(kxk)  +  k 


=  IW£kxk  +  «b^k- 


With  P  the  common  distribution  of  the  i.i.d.  random  vectors  Xn  and  6  =  (A,b)  we 
define 


(3.1.5)  P  a(B)  =  P,AM(B)  =  P({AXn+beB}) 


and  note  that  P  =  P^j  q^.  From  proposition  3.1.1  we  have  the  following 


Corollary  3.1.2.  Let  the  probability  measures  P^  defined  as  in  (3.1.5)  be  such  that  for 

2  9 

an  open  set  0  C  Rk  +  k=Rk  xRk  with  (1,0)  £  0.  the  family  {P^  €  ©}  is  dominated 
by  is,  F(0)  is  differentiable  at  (1,0)  and  1(1.0)  is  positive  definite.  If  An  —  1  and  bn  — 
as  n  — ►  oo  then 


(Xn)  ~  (AnXn+bn)  «■  ^d 


r  "  ‘'  J*  Vp  >  j"  '*■  _**►.*'  _p  *  V  .*  *„*  .* 


.  * 


V 


V>  V  ’ 


sr=i»,-A»"*kxk  <  “■ 


(Xn)  -L  (AnXn-kbn)  o  V  _.  ll^nlCk 

K 


=  oc  or 


E~  llH-A.Il'kxk  = 


Furthermore  if  {P^;  0  €  0}  satisfies  condition  (3.1.4)  the  above  conclusions  hold  for 


sequence  (An,bn)  in  0. 


Proof.  Putting  9  =  (1,0)  and  (An,bn)  =  0  +  hn  we  have  hn  =  (An— l,bn)  and 


Er=ii'h"»'(kxk)+k  =  s:~1"A»->^kxk  +  sr=,ii'>nii'k^ 

R 


'°°  IIU  m2 


The  conclusion  then  follows  from  Proposition  3.1.1. 


lemarks:  a)  Since  the  space  of  kxk  matrices  is  finite  dimensional,  any  norm  can  be 


used  in  place  of  It'll  kxk- 

R 


b)  When  An  =  I  for  all  n,  Corollary  3.1.2  extends  the  result  in  Shepp  (1965) 


on  translates  from  sequences  of  random  variables  (in  R^)  to  sequences  of  random  vectors 


(in  Rk). 


c)  Corollary  3.1.2  contains  the  results  in  Steele  (1986),  Theorems  1  and  2, 


/ho  considers  the  case  where  An  is  a  rotation,  i.e.  Anx  +  bn  is  a  rigid  motion  of  x  6  R  . 


d)  When  the  Xn’s  are  Gaussian  random  variables  with  mean  zero  and 


/ariance  one,  the  result  of  Corollary  3.1.1  can  be  checked  directly  through  the 


computation  of  the  Hellinger  integrals  H(P/.  nvP/  u  O'  However,  even  for  Gaussian 

It’W  ian,on; 


random  vectors  the  computation  of  Hellinger  integrals  is  not  simple  in  higher 


«_■  •.  v"  \-r.~j 


B 


yv Vv.v ..  -,.a  ,v. .v  .%  .  ■  -  w  y\- v  v  v  v  v 


dimensions. 


3. 1.3. 2  Stable  Sequences. 

Here  we  consider  general  (skewed,  not  necessarily  symmetric)  stable  densities.  We 
denote  by  f,  n  ,  ,  the  general  univariate  stable  density  whose  characteristics  function 
is  of  the  form 


/!?ooexp(iux)f(aJ?^b)(x)dx  =  | 


exp{  —  |au|aexp[—  \n(3  sgn(u)/2]  +  ibu},  if  a^l 


exp{  —  |au|  —  i(2/?/7r)au  ln(|au|)  +  ibu},  if  a  =  l 


where  0  <  a  <  2,  \/3\  <  a A(2  —  a)  a  >  0  and  — oo  <  b  <  co. 


Corollary  3.1.3.  Let  (Xn;  n  €  M)  be  a  sequence  of  i.i.d.  stable  random  variables  with 
density  f(og,/3g,  ag,  bg)  and  let  (Yn;  n  £  INI)  be  a  sequence  of  independent  stable 
random  variables  where  the  density  of  each  Yn  is  f(»n>/2n’an>bn)  with 
(^n'^n^ni^n)  ~ *  (a0”^0’a0’^0^'  ^ben 


(Xn)  ~  (Yn)  O 


E~  x(  «n-a0)2  <  E^°=1(^n-^o)  < 

E^L^a n~ao)2  <  °°'  and  E^^bn-bg)2  <  oc' 


(Xn)  J.  (Yn)  <=> 


E^l1(an-ao)2  =  °°-  or  E^^n-^g)2  =  00 ’  or 

E t ( an  ~ aQ )2  =  or  E'^l^bn-bg)2  =  oo. 


Proof:  Let  0  be  any  open  subset  of 


{0  =  (a,[3,&,b)\  a  £  (0,1)U(1,2),  \Q\  <  aA(2  —  a),  a  >  0,  — oo  <  b  <  oc} 


,»  *■*  * *%*  ^  ^ 
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containing  the  point  9q  =  (ag,/?Q,aQbg).  It  is  known  that  the  densities  {f^;  0  6  0} 

satisfy  the  usual  regularity  conditions  of  Cramer- Wald  (DuMouchel  (1973),  page  952); 

1  /2 

hence  f ^  “ ,  8  €  0,  are  l^Leb^differentiable  (see  e.g.  Strasser  (1985),  §77).  Moreover 
the  Fisher  information  matrix  I(0g)  is  positive  definite  (DuMouchel  (1973),  page  954). 
Therefore  the  assumptions  of  Proposition  3.1.1  hold  at  0q  =  (ag,/?g,ag,bg).  Hence  for 

hn  =  (an  —  aQ’^n  —  ^o,a,n  —  a0’^n  —  ^0^  we  ^ave 

l!hn!!“4  =  (an— Oq)^  +  —  +  (an-ag)~  4-  (bn-bg)^ 

IK 

and  the  result  follows.  0 

Corollary  3.1.4.  Let  (Xn;  n  €  N)  be  a  sequence  of  i.i.d.  stable  random  variables  with 
density  f^  Q  1  and  a  €  (0,1)U(1,2),  i.e.  Xn  are  standard  SaS  random  variables,  and 
let  (an,bn)  and  (a'n,  bj)  be  two  sequences  in  ( —  oo,0)U(0,oo)  x  (  —  00,00)  with  an  / a(,  — *  1 
and  (bn  — b'n)/ah  — *  0.  Then 

(anYn+bn)  ~  (a'nYn  +  bnl  (Xn)  ~  ^;jrXnH  jr  ) 

» Er=1(i-jisl)2 < 00  •»<*  c^t^)2  <  ”• 

and 

(a-n^n+bn)  -L  (ahYn+b'h)  <z>  (Xn)  -L  na,^  ) 


|anK2_„ 

■5-oc  fbn  — b'ny 

'*  fflj  - 00 

or 

^n=l\  a(,  ) 

Proof:  The  equivalence  of  i)  and  ii)  follows  since  the  map  (xn)  —  ((xn  — b'n)/ah)  is 
invertible.  The  equivalence  of  ii)  and  iii)  follows  from  Corollary  3.1.1.  (putting  as 
parameters  «n  =  a,  =  0,  an  =  1  and  b^  -  0,  — p,  n—> — — ;  n  =  1,2....)  for 


.* 


a  €  (0,1)11(1,2). 


°  tjj 

The  separation  condition  (3.1.4)  for  the  case  where  all  the  parameters  but 

translation  (a)  are  kept  fixed  in  a  stable  probability  density  follows  from  the  inequality 

in  Ibragimov  and  Has’minski  (1981),  Example  3,  Page  57;  and  when  /?= 0  and  a  is  fixed 

it  has  been  proved  by  Kanter  (1975).  Condition  (3.1.4)  is  not  known  to  be  true  for  the 

case  where  all  the  parameters  vary  jointly.  Hence  singularity  does  not  follow  for  all 

oo  o 

sequences  hn  =  (an,  0n,  an,  bn),  n  =  l,2,...  with  £  ||hn||  ^=00  (cf  Proposition 

n  p 

3.1.1). 

In  the  next  proposition  we  explore  the  tail  behavior  of  a  stable  distribution  to  show 
that  two  infinite  sequences  of  independent  symmetric  stable  random  variables  with 
different  indexes  of  stability  are  singular. 

Proposition  3.1.5  Let  X=(Xn;  n  £  N)  and  Y=(Yn;  n  6  N)  be  two  sequences  of 
independent  (nondegenerate)  symmetric  stable  random  variables  with  indexes  of 
stability  a  and  0  respectively.  If  a  ^  0  then  piy^  and  pi y  are  singular. 

P roof:  Assume  a  <  0.  For  each  7  £  (0,2)  let  Z7  denote  a  S7S  r.v.  with  ||Z7||7  =  1. 

Thus 


MB)  =  P(Xn  e  B)  =  P(HXn|!0ZQ  €  B), 
MB)  =  P(Yn  €  B)  =  PdlYnll^  €  B). 


Since 


arP(|Z7|  >  a)  -  C7 


yV 


«v-\  -\  r \  •*.  \  •*.  •" 


as  a  -  : 


(where  Cy  is  a  positive  constant),  given  any  c  >  0,  there  exist  such  that  for 


a  M  *y i 


C-y  — C 


<  P(|Z7|  >  a)  < 


Cy  +€ 


(see  e.g.  Feller  (1966)). 

From  now  on  fix  c  such  that  0  <  e  <  min  (Ca,  C^). 
Case  1.  Assume 


<^n 


4  l|Xn||q 
II  Yn  II 0 


0  , 


Define  XN  —  XN  by 


as  n 


*(*)  =  (*n(*)  =  Xn/HYnll^;  n  €  N). 

It  follows  that  'P  is  an  i.i.d.  sequence  of  standard  S/3S  r.v.’s  under  fiy  and  under  a 
independent  sequence  of  SaS  r.v.’s  with 

ll*nlla  =  IIXnlio/llYnll^  =  <rn. 

As  before  let  dv  denote  the  total  variation  distance  between  probability  measures 
For  a  >  max  (M,  M  supn  an)  we  have 

dv  (-^n^n  Pn^n  >  Y* ( | Z  ^ |  >  a)  —  (|ernZa|  >  a) 


,V, 


n!H?O0  i  ^  >  0- 

a. 


Since  dv(-,-)^‘^<l(-,-)  where  d  denotes  the  Hellinger  distance  (see  e.g.  Strasser 
(1985))  we  have 


5Zn_j  ^  (^n^n  -^n^n  ^)  —  oo 


and  therefore  by  Kakutani’s  Theorem  (see  Page  47)  ^  -L  A'y't  wh>ch  implies 

HX  X  #iy. 

Case  2.  Assume  <rn  -/•  0.  Thus  there  exist  8  >  0  and  a  sequence  (nk;  k  £  N)  such  that 
°nk  >  >-e.  <  (5_1- 

Define  <F:  XN  -  XN  by 


#(*)  =  (*k(x)  =  xR  / 1 1 X  n  k ! !  or ;  k  €  N). 


Thus  <t>  is  an  i.i.d.  sequence  of  standard  SaS  r.v.’s  under  nx  and  under  /jy  an 
independent  sequence  of  S(3S  r.v.’s  with 


_  llYnkll^/ll^nklla  -  ffnk 


For  a  >  max  (M,<5  ^ M )  >  max  (M,  ^n^M)  we  have 


dv(/i|4<^i-  ^  ^k^k  ^  >  a)  —  P(|cnk^  Z^j  >  a) 


C’:>. 


Since  a  <  we  have  S'( a)  >  0  if  and  only  if  a  >  S  (C^ +e)/(Ca  — e).  Thus, 
fixing  a  >  max  {M,  6~  [M(C^  +  f)/(Ca  —  f)]^^  we  obtain 


limsup  dv(/in<J>n  l,  An<I>n  X)  >  6'(a)  >  0 
n  ^oo 


and  the  conclusion  follows  as  in  case  1. 


Remark:  If  ,3  =  2,  Proposition  3.1.5  remains  true  with  minor  modifications  in  its  proof. 


3.2.  Remarks  on  singularity  and  absolute  continuity  of  p  “-order  and  SaS  processes 
A  necessary  condition  for  equivalence  of  two  Gaussian  processes  is  the  setwise 
equality  of  their  RKHS  (or  the  equivalence  of  their  RKHS  norms).  We  show  that  this 
result  remains  true  for  SaS  processes  with  the  function  space  F  replacing  the  RKHS’s. 
Further  for  p*  order  processes  with  1  <  p  <  2,  a  necessary  condition  ior  abolute 
continuity  and  a  sufficient  condition  for  singularity  are  presented  analogous  to  those  of 
Fortet  (1973)  for  second  order  processes. 

Let  Xj  =  (Xj(t);  t  £  T),  i  =  1,2,  be  two  p^  order  processes.  We  say  that  X^ 
dominates  X9  if  there  exists  0  <  K  <  oo  such  that  for  all  N  £  N,  aj,...,a^  £  N  and 
—  3  xj  G  T, 


^n  =  lanX2(tn)llL  (P)  -  K  ^n  =  lanXl^n^Lp(P) 


Proposition  3.2.1.  Let  =  F(Xj),  i  =  1,2. 


y.v.v 'f.'f a,  v« ■*- r-s  '■/■/.■v-// 


i)  If  X dominates  X0,  then  F0  C  F^. 

ii)  X^  dominates  X9  if  and  only  if  there  exists  a  bounded  linear  transformation 


0:  X(XL)  —  X(X2),  satisfying  ©(X^t))  =  X9(t).  t  €  T. 
dominates  X0  and  vice  verse,  then  F^  =  F9  (setwise),  ||-|| 
and  the  transformation  0  has  bounded  invense. 


Consequently, 
F1  and  H’IIf0 


if  Xj 

are  equivalent. 


Proof,  i)  Suppose  X^  dominates  X9.  Then  for  all  functions  s, 

2  E^_2ans(tn)l  ^  l]£X._2ans(';n)l 

R  il^n=lanXl(tnllLp(P)  li^n  =  lanX2(tn)llLp(P) 

and  by  taking  supremum  over  N,  a^.-.-.a^-,  tp...,t^., 

K  -  H^F./ 

Thus  if  s  €  F0,  it  follows  that  s  €  Fj,  which  proves  i). 
ii)  Let  ©^(X^)  — X(X0)  be  defined  by 

®(S(1_2an^2(*:n))  =  £jj=2at,X2^n  )• 

It  is  clear  that  0  is  a  well  defined  bounded  linear  transformation  and  as  such  it  can  be 
extended  to  JLfXj)  if  and  only  if  X^  dominates  X9. 

For  SarS  processes,  the  next  Proposition  shows  that  mutual  domination  is  a 
necessary  condition  for  absolute  continuity,  i.e.  non  domination  is  a  sufficient  condition 
for  singularity.  This  Proposition  is  a  stochastic  process  version  of  Proposition  7  in  Zinn 


Proposition  3.2.2.  Let  Xj  =  (Xj(t);  t  €  T),  i  =  1,2,  be  two  SaS  processes.  If  ^  and 
are  not  singular,  then  X^  dominates  X2,  X2  dominates  Xj,  and  =  F9. 
Equivalently  if  96  F2  then  either  Xj  does  not  dominate  X2  or  X2  does  not  dominate 

xi  and  »xl  1  vx2- 

Proof:  Since  ||-||p  =  Cp5a.  ||  •  ||a. ,  X^  dominates  X9  if  and  only  if 


Assume  X^  does  not  dominate  X2.  Then  for  any  positive  sequence  Kn  — •  00,  as 
n  —  00,  there  exist 


=  EfeviW.*),  1  = 

such  that 

l|Y(n2)||a2  >  Kn  IIY^H^,  n  =  1,2 . 


Without  loss  of  generality  we  can  assume  ||Y^  \\a^  =  1  for  all  n.  Thus 


I Yn  H<*2  “  ° 


as  n  — *  :x . 


Now  consider  the  sequence  of  random  variables  (Yn;  n  E  N)  defined  on  (X  1  ,  C)  by 


YnW  =  E^Vk  *(tn>k).  x  €  XT. 


It  follows  that 


f  t  f,xp  (iuYn)  dpx 
X"  A1 


( 1)  a,  a, 

exp(-||YVn  ;|U  |  u|  l)  -  1 


i 

i 

♦J 


as  n  -  cc.  Hence  a  subsequence  (Yn^;  k  &  N)  can  be  chosen  such  that  if 

Cq  =  {x;  Yn^(x)  —  0,  as  k  — >  oo},  then  ^  (Cg)  =  Clearly  Cg  >s  a  measurable 

T  T 

linear  subspace  of  X  and,  since  is  a  Sa9S  measure  on  (X  ,C),  it  follows  by  the 

zero-one  law  for  stable  measures  (Dudley  and  Ranter  (1974))  that  /r0(Cg)  =  0  or  1. 
On  the  other  hand, 


/  J  exP(luYn>  )  <^X  =  exP(~HYn,  llo9  M  2)  =  exp  (-|u 


which  implies  that  ^9(Cg)  =  0  and  thus  _L 

*"  1  1 


The  crucial  result  used  in  the  proof  of  Proposition  3.2.2  is  the  zero-one  law.  This 
result  is  not  available  for  general  p^  order  processes  but  the  proposition  has  some 
partial  analogs  for  certain  p^  order  processes. 

As  in  f  ortet  (1973)  we  call  a  p1^1  order  process  X  =  (X(t);  tel)  non-reduced  if 
there  exists  some  c  g  (0,1]  such  that  for  all  countable  subsets  Tq  of  T, 

P({^;  x(t,w)  =  0,  t  £  Tg})  —  f  ’  otherwise  X  is  called  reduced.  Nontrivial  SaS 
processes  are  reduced.  When  X  is  separable  and  T  an  interval  of  the  real  line  Fortet 
(1973)  showed  that  X  is  reduced  if  and  only  if  P({X(t)  =  0,  t  6  T})  =  0  and 
nonreduced  if  and  only  if  P(X(t)  =  0.  t  €  T)  >  c  for  some  e  6  (0,1]. 

Next  we  generalize  to  p^  processes  with  1  <  p  <  2  the  results  in  Fortet  (1973), 
Iheoremes  (3.2)  and  (3.3.2).  The  proof  is  identical  to  Fortet’s  and  is  presented  in  a 
shorter  form. 


Proposition  3.2.3.  Let  Xj  =  (Xj(t);  t  g  T).  i  =  1,2,  be  p  order  processes  with 
1  <  p  <  2  and  Fj  =  F(Xj) 


il  If  /'x9  ^  /‘x  then  F^flFo  is  dense  in  F.v 


* 


ii)  If  either  or  X2  is  reduced,  and  F^f)p2  =  {0},  then  • 


Proof,  i)  Fix  5  £  p2*  By  Proposition  2.1.2  we  have 


5(t)  =  E(X2(t)Y<P  X>)  =  /  Tx(t)  a(r)<P  X>/ix  (dr) 

\  £ 


where  Y  £  l.(X9)  and  a(r)  is  a  representation  of  Y  in  Lp(/i^  )-sp{r(t);  t  €  T}  C  X 
Y(u>)  =  a(X(-,w)).  Let 

^X0(E)  =  /  E^^Xj,  +  /%(EnN> 

be  the  Lebesgue  decomposition  of  with  respect  to  Define 

En  =  {r:  0  <  g(r)  <  n } Pi Nc  and 


«n(t)  =  /  T  x(t)  a(r)  <  P  1  > lEn(r)  /ix  (dr) 


=  /VT  x(t)  a(*)<P  1>8(x)1En^a:^  Mx  (dx)- 


Since  a<P  *>1^  €  Lp* ( A«x^ )  and  a<P  l>glgn  £  Lp*(^x^)  we  have  sn  6  FjOF 


—  *n  )(t[{)|  —  1/  jZ!^;_^ckx(tk)a(-r)  *  Ec  (x)^Xl->^c^r)l 

n 


<  l/vTILkK=i'k  ^k)lP«x2<^)l1/p  Ityi1  ><P  l>lP‘,E^x2]1/P' 


‘  V'.v;  -  ./  s'  %-  N*  «  -  v  s*  S'  S'  s  s 

U<-  -V^V.V.  PY.VIV.'-'.V.  AVp^.'-- .'»v --.V -v'a  -Y'-'- 


as  n  — ►  do,  i.e.  F^nF2  *s  ^ense  *n  ^2’ 

ii)  For  a  fixed  tQ  g  T,  let  aQ(x)  =  x(tg)  and  define 


s{°\ t)  =  /  T*(t)a0(x)<P  1>»X  (dx). 
\  & 


By  Proposition  2.1.2.,  sv  ;  6  ^2’  s^nce  ao(x)  ^  Lp^/i^)*  Let 


i0)(t)  =  /  T;c(t)a0(^)<P  1>lEn(x)/iX[_>(dx) 


=  /vJr(t)a0(i)<P  1>g(x)lEn(x)/ix  (dx) 
A  1 


so  that  Sn^  6  FjClF^  Since  FjOFr,  =  {0},  4^=0,  >-e-  Sn°\t)  =  0  for  a11  t  6  I.  In 
particular 


i0)(t0) 


/  Wto)iPg(x)/ix  (dl)  =  0  for  n  =  1’2’ 

{0<g<n}  ‘  1 


and  hence 


/  lx(^0  )l8(z)^x  =  °- 

{0<g<oo}  1 


Consequently,  since  tg  g  T  is  arbitrary,  we  have  x{t)  =  0  a.e.  (a*x^  on  {0  <  g  <  :»} 
for  each  t  g  T.  But  this  implies  that  is  non-reduced  if 

Aix^({x;x(t)  —  0,t  g  T})  >  px^({x;  0  <  g(r)  <  oc}). 


-  V  ‘.'V  ‘.*V\\V,V;,*  V, 

r  '  **  -  v  V  %- 


m  mvrwrwn 


On  the  other  hand  if  /i^({r;  0  <  g(x)  <  oc})  >  0  then  x(t)  =  0  a.e.  (gMX^)  for  each 

t  and  f  gduv  >  0-  Hence 
[0<g<oo]  Xl 


MX  x(t)  =  0,  t  e  Tq})  >  /  gd^v  >  0, 

2  [0<g<oo]  1 


i.e.  X.,  is  nonreduced.  Since  either  or  X2  is  reduced  we  must  have 


MX  ({*;  0  <  g(x)  <  00})  =  0,  i.e.  fix  1  mXo* 


3.3  Dichotomies  for  certain  SqS  processes 

In  the  study  of  Lebesgue  decomposition  of  probability  measures  in  infinite 
dimensional  spaces  the  following  dichotomy  ’’two  measures  are  either  mutually 
absolutely  continuous  or  singular”,  has  been  proved  for  product  measures  (Kakutani 
(1948)),  for  Gaussian  measures  (Feldman  (1958)  and  Hajek  (1958)),  certain  ergodic 
measures  (Kanter  (1977)),  etc.  In  Section  2,  Chapter  II  we  showed  that  this  dichotomy 
prevails  for  admissible  translates  of  certain  SqS  processes.  A  dichotomy  for  general  SqS 
measures  has  been  conjectured  by  Chatterji  and  Ramaswamy  (1982)  but  the  problem 
seems  to  remain  open. 

In  this  section  we  show  that  a  dichotomy  holds  for  certain  SqS  processes,  e.g. 
independently  scattered  SqS  random  measures  and  harmonizable  SqS  processes. 
Necessary  and  sufficient  conditions  for  equivalence  and  singularity  are  given  and  hold  for 
all  q  €  (0,2). 

We  continue  to  use  the  notation  introduced  in  Section  2,  Chapter  II.  Through  this 
section  we  make  the  assumption  that  the  control  measures  are  not  purely  atomic  with  a 
finite  number  of  atoms.  This  is  equivalent  to  the  infinite  dimensionality  of  the  linear 
space  of  the  processes.  When  they  are  finite  dimensional  we  always  have  equivalence 
since  stable  densities  are  everywhere  positive.  W'e  start  by  proving  a  dichotomy  for 


fj . 
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independently  scattered  symmetric  stable  random  measures. 


Proposition  3.3.1.  For  i  =  1 ,2,  let  Z-(  =  (Zj(B);  B  £  3)  be  an  independently  scattered 
symmetric  stable  random  measure  with  index  of  stability  c*j  €  (0,2)  and  control  measure 


nrij  which  is  not  purely  discrete  with  a  finite  number  of  atoms.  Then  and  are 


mutually  absolute  continuous  if  and  only  if  the  following  conditions  are  satisfied 


i)  Ql  =  a2  =  a' 


U>  ml,d  =  m2,d  ’ 


iii)  and  m9  have  the  same  set  of  atoms  A  =  {an;  n  £  N}  and 


V  ai  2 


E„  =  1{1  -  [m1({an})/m2  ({an})]*' “ <  oo 


Furthermore  if  any  of  these  conditions  fail,  iir,  and  p7  are  singular. 

°l  L2 


(Note  that  condition  iii)  is  symmetric  in  m^  and  m9  and  independent  of  a  as 

9  q  9 

En(!  ~  xn)“  <  oo  if  and  only  if  £n(l  -  *n)  <  oo). 


Proof.  First  suppose  that  m^  and  m9  are  not  equivalent,  e.g.  m2  Then  there 


exists  B  £  cr( 3)  such  that 


|Z1(B)||"J  =  mi(B)  =  0,  and  ||Z2(B)||^  =  m2(B)  >  0. 


follows  that  Zy  does  not  dominate  Z2  and  by  Proposition  3.2.2  we  have  singularity. 


From  now  on  we  assume  ~  m2- 


Suppose  yl  a9.  Since  and  m9  are  not  purely  atomic  with  a  finite  number 


atoms,  we  can  choose  an  infinite  sequence  (Bn;  n  £  N)  of  disjoint  sets  in  3  such  that 


mj(Bn)  >  0,  i  =  1.2.  Define  X3  —  XN  by 


,\c.  •*.  •*.  •’« •*,'  j/'.'.v.'.-.'.-  v,  v 


*(*)  =  (*n(*)  =  *(Bn);  n€  N). 


Thus,  for  i  =  1 ,2,  under  ,  'P  is  a  sequence  of  independent  SojS  random  variables 
a ■  1 

with  ||'t,nlla|  =  mj(Bn).  It  follows  from  Proposition  3.1.5  that  if  a9,  then 

^z*_1  -L  A< Z9^  so  t^lat  ^Z  '  From  now  on  we  assume  =  a2  =  Q- 

i  -  12 

Since  ~  m2  we  have  ^  ~  m2  Suppose  m^  ^  m9  so  that 


mi,d^dm2d/dmld  ^  !))  >  °’  i=1>2’ 


hence 


mi,d^°  <  dm2,d/dml,d  <  *})  >  0  or  mi,d^dm2d/dml,d  >  >  °- 

Assume  nij  ^({diT^  j/dm^  ^  >  1  })  >  0.  Then  there  exists  6  >  1  such  that 
rm  cj({dm9  ^/dm^  ^  >  <5})  >  0.  Since  ^  is  nonatomic,  we  can  find  a  sequence 
(Bn;  n  €  N)  of  disjoint  subsets  of  {drm  ^/dm^  ^  >  6}  such  that  m^  ^(Bn)  >  0.  Let 
$:  —  XN  be  the  map  defined  by 

$(x)  =  (^n(^)  =  I(AcnBn)/ ml  cj(Bn)1//a;  n  €  N). 

Under  <  $  is  an  i.i.d.  sequence  of  standard  SaS  r.v.'s,  and  under  ^  $  is  an 
independent  sequence  of  SaS  r.v.’s  with 

il^nlla  =  rn2,d^n)/ml  ,d(®n)' 

It  follows  from  Corollary  3.1.4  and  Kanter  (1975)  that  and  “ ~ *  are  eiti. 

equivalent  or  singular,  and  they  are  singular  if  and  only  if 


^ ^ ^V.%.vVv.VA.<V.V %>  * -  .v.NV-  A  .v.* -S “VA.%  .V/.  >  A  /« 


(3.3.1)  L~=1  [1  -  (m2  d(Bn)/ml  d(Bn))  '  ]*  =  oo. 

Now  by  construction 

d  m  ^ 

m2,d(0n)  =  fBn  dml,d  >  6  ml,d(Bn)- 

Hence  1  <  S  <  m9  d(Bn)/m^  d(Bn),  so  that  (3.3.1)  holds.  Thus  -1-  M7  E  — ^ 

which  implies  n ^  -L  . 

If  mj  d({dm2  d/^mld  ^  =0we  have  d({dm^  ^  /dm2  ^  >  1})  >  0  and  an 

identical  argument  applies.  Therefore  ~  m2  and  m^  d  ^  m9  d  implies  -L  A1 7  ■ 

Now  assume  d  =  m2  d.  Since  rrij  ~  m2,  they  have  the  same  set  of  atoms 

A  =  {an;  n  6  N}.  Suppose  )i7  <C  n7  and  let  E:  X"*  —  X^  be  defined  by 

a2  l\ 

E(x)  =  (En(x)  =  ^({an})/m1({an})1'/a;  n  €  N)  . 

Thus  /r^E- 1  C  /x^E- ^  and  E  is  an  i.i.d.  sequence  of  standard  SaS  r.v.’s  under  ^ 

and  under  /j7  an  independent  sequence  of  SaS  r.v.’s  with 

||E||g  =  m0({an})/m^({an}).  Hence  by  Corollary  3.1.4  and  Kanter  (1975), 

(3.3.2)  E‘^=1[l  -  (m2({an})/mi  ({an}))1/a]  <  00. 

Also,  if  (3.3.2)  does  not  hold,  again  Corollary  3.1.4  and  Kanter  (1975)  imply 
PLrj  —  -L  —  so  that  _L 

Conversely,  suppose  that  i),  ii)  and  iii)  hold.  Since  m^  d  =  m9  d  we  have 


Zi=Zi,a+Zd’  i  =  1’2’ 


-CAV.V.V.V.  V  V.V  ^  c  C.  ^  f.  T.  c  T.  r.  r.  .  . 


y  / 


where  Zj  and  are  independent,  independently  scattered  SaS  random  measures  wit 

IV!  4 

control  measures  rri|  a  and  =  ml  d  =  m9  ^  respectively.  Let  <!>:  X™  — ►  XJ  be 
defined  by 


[*(V)](B)  =  *(y,B)  =  E~=1  lB(an)ml({an})1/ayn-  V  =  (Vn)  €  XN. 


Thus  ($oE)(Z.)  =  Z-  ,  so  that  Hz  =  (Hz  H  *  ,  i  =  l,2.  Now  by  Corollary 

’  i,a  1 

3.1.4,  iii)  implies  Hz  —  —  ^  ~  Hz  —  hence  Hz  ~  Hz  Therefore,  since 
1  2  l,a  2, a 

^2  —  t*z  *  ^ Z  ’  '  =  1'2,  **"  follows  that  ^2  ~  A *7  • 

i  i,a  ^d  12 


Remark:  It  also  follows  from  the  proof  of  Proposition  3.3.1  that  if  only  one  of  the 
control  measures  has  a  finite  number  of  atoms  and  are  singular. 

As  in  the  case  of  admissible  translates  the  results  on  equivalence  and  singularity  of 
independently  scattered  SaS  random  measures  can  be  extended  to  certain  invertible  SaS 
processes. 

Let  Xj  =  (Xj(t);  t  (E  T),  i=  1 ,2,  be  two  invertible  SaS  processes  with  spectral 
representations  Xj(t)  —  Jjf(t,u)  Zj(du)  and  control  measures  rrij  where 
f  €  La  (m,)  0  La  (m9)  and  the  independently  scattered  random  measures  have  the 
same  (5-ring  3  of  subsets  of  I  as  parameter  space,  i.e.,  and  m9  have  the  same  sets  of 
finite  measure.  X^  and  X9  will  be  said  to  be  simultaneously  invertible  if  for  each  B  €  3 
there  exist  Nn(R),  anj(B),  ...,  an.Nn(B)(B)>  tnl(B),  •  '  ln,Nn(B)^B^  SUch  that 


EkilB)*„,k(B)  ■) 


as  n  —  x. 


in  La,fmj)  for  both  i=l,2.  E.g.,  Xj  and  X9  are  simultaneously  invertible  if  they  are 
invertible,  a^  =  a9  and  dm^/dm9  is  bounded  above  or  below.  In  particular  Xj  and  X. 


are  simultaneous  invertible  if  they  are  invertible  and  their  associated  random  measures 
and  Z9  are  equivalent,  as  p ^  ~  p^  implies  Oj  =  »2,  ml  d~m a  d  and 

E^L1(1-(dmi/dm2(an))1//aj2  <  oo. 

The  simultaneous  invertibility  of  X^  and  X9  allows  for  the  study  of  the  Lebesgue 
decomposition  of  with  respect  to  p^  in  terms  of  the  decomposition  of  p^  with 
respect  to  p^.  Indeed  Xj(t)=/f(t,u)  Zj(du)  is  roughly  speaking  Xj=L(Zj),  where  L  is 
a  linear  map  from  t(Z)  into  £(X),  so  we  expect  the  singularity  of  Xj  and  X9  to  imply 
the  singularity  of  Zj  and  Z9,  and  conversely  the  equivalence  of  Zj  and  Z9  to  imply  the 
equivalence  of  X^  and  X2_  Simulatenous  invertibility  is  like  having  Zj  =  L—  ^(X. ),  so  we 
should  have  the  singularity  of  Zj  and  Z2  implying  the  singularity  of  X|  and  X9,  and 
conversely  the  equivalence  of  X^  and  X2  implying  that  of  Zj  and  Z9.  Hence  with  both 
we  expect  to  have  the  above  implications  in  both  directions.  The  next  proposition 
makes  this  precise. 

Proposition  3.3.2.  Let  X^  =  (Xj(t);  t  €  T)  be  two  simultaneously  invertible  Sa^S 
processes  with  spectral  representations  Yj(t)  =  f  j  f(t,u)  Zj(du)  and  control  measures  nv 
which  are  not  purely  discrete  with  a  finite  number  of  atoms.  Then  p^  and  p^  are 
either  equivalent  or  singular,  and 

ftXl  ~  ^X2  °  ^Zj  ~ 

u)  PX[  1  ^X2  °  ^Zl  1 

i.e.  p^  ~  p^r  if  and  only  if  conditions  i),  ii)  and  iii)  of  Proposition  3.3.1  are  satisfied, 
and  p^  _L  p^-  if  and  only  if  at  least  one  of  these  conditions  fail. 

Proof:  As  in  Proposition  2.2.3  for  B  €  3  we  can  define 


*n(B,x)  =  E^(1B)an,k(B)x(tnik(B)),  x  6  X1 


•„  x  \  *.  r  %  *.  * 

.  */»«*,*  4"  '  «  ’  »  *  , 


*n(B,Xj(-,  u))  -  Z.(B,«),  i  =  l,2. 


in  probability  as  n  -  oo.  Let  (<&n  (B,-);  k  €  N)  be  a  subsequence  converging  a.e. 

(px  ),  i  =  1,2,  and  put 
1 


Hence 


Z(B)  Z(B,-)  ‘^{x;  <I>nk(x)  converges}^' 


Z(B,  Xj(-,  w))  =  Z;(B,w)  a.s.,  1  =  1,2. 


The  stochastic  process  Z=(Z(B),  B  £  3)  defined  on  (X  ,C)  is  an  independently  scattered 
SqS  random  measure  with  control  measure  m^  under  ^x  and  m9  under  /jx  .  If  we 
also  denote  by  Z  the  map  x  —  Z(-,  x)  then 


^Xj  ~  t*x0  =*  MXt  1  ~  ^x2^  1  (Le-  'Jz1  ~  ^z2) 


/Jz1  1  ^z2  (Le-  1  ^x2^  )  ^  /ix1  1  *%• 


On  the  other  hand  if  ^  ~  ^Z  '  *-e'  ^X  ^  ~  ^  —  \  it  follows  that  i),  ii) 

and  iii)  of  Proposition  3.3.1  hold.  Thus,  we  can  construct  independent  processes  X^  and 
Xj  a  on  (X^,  C(X^),  fir^  )  such  that 


Xi  -  *d  +  *i.a-  i=1-2. 


with  ~  .  Since  *  A<x  we  have  px  ~  /*x  ■ 

Al,a  A2,a  i  Ad  Ai,a  1  2 

Now  if  px  and  /jx  are  not  equivalent  it  follows  that  -I  A<2  (since  otherwise 

|»Z  ~  ^7  ,  which  implies  ^x  ~  /ix^  ,  i.e.  a  contradiction)  and  this  was  shown  to 

imply  /ix  _L  px  .  □ 


c 

c 
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It  follows  from  Proposition  3.3.2  that  simultaneously  invertible  processes  are 
singular  whenever  their  indexes  of  stability  are  different.  This  is  not  generally  true  for 
symmetric  stable  processes  with  different  indexes  of  stability.  Indeed,  let 
G  =  (G(t);  t  £  T)  be  a  Gaussian  processes,  and  for  i=l,2,  Aj  a  standard  positive 
(aj/2)-stable  random  variable  with  ^  and  consider  the  sub-Gaussian  SojS 
processes 


X;  =  (X;(t)  =  Ai1/2G(t);  t  £  T). 
VVe  have  that 


"X.*8)  “  /r+^xG^  fiA^dx^' 


+ 


so  that 


Since  the  distribution  p*  of  A-  has  positive  density  in  R  we  have  p.  ~  , 

Ai  1  1  2 

by  the  Corollary  of  Theorem  18.1  in  Skorohod  (1974).  p^  ~  p^.  Since  the  linear 
space  of  sub-Gaussian  processes  does  not  contain  (nondegenerate)  independent  random 
variables,  sub-Gaussian  processes  are  not  invertible  (nor  simultaneously  invertible). 
Further  examples  of  symmetric  stable  processes  with  different  indexes  of  stability  which 
are  equivalent  are 


X;  =  (X| ( t )  =  EjLjA^Gnft):  t  €  T) 


where  for  each  i=l,2,  the  vector  (Aj  ....  Aj  iy)  is  positive  (aj/2)-stable,  independent  of 
the  mutually  independent  Gaussian  processes  Gn=(Gn(t);  t  €  T),  n  =  l,....N, 


Next  Proposition  3.3.2  is  applied  to  describe  the  Lebesgue  decomposition  between 
two  SaS  harmonizable  processes,  and  to  show  that  muliples  of  invertible  processes  are 
singular. 


r>. 


y. 


Corollary  3.3.3.  Let  Xj  =  (Xj(t);  t  6  T)  be  two  harmonizable  SauS  processes,  i.e. 


Xj(t)  =  / j  exp(i<t,  u>)Zj(du),  t  G  T, 


.'here  J  =  R1^  and  [  — ir,  for  T  =  R^  and  respectively,  with  spectral  measures  m- 


not  purely  discrete  with  a  finite  number  of  atoms,  i  =  l,2.  Then  and  are 


equivalent  if  and  only  if 


i)  Q1=a2  =  a. 


“)  ml,d  “  rn2,d  ’ 


i)  m|  and  m0  have  the  same  atoms  {an;  n  G  N}  with 


E^_1[l-m1({an})/m2({an})]‘4  <  00  • 


and  they  are  singular  otherwise. 


Proof:  Clearly  X^  and  X2  are  simulatenously  invertible,  since  indicator  functions  can  be 
approximated  uniformly  by  linear  combinations  of  the  functions  f(t,u)  =  exp(i<t.u>). 

He  ice  the  result  follows  from  Proposition  3.3.2.  □ 


Corollary  3.3.4.  Let  X=(X(t);  t  G  T)  be  an  invertible  SaS  process  with  control  measure 
m  which  is  not  purely  atomic  with  a  finite  number  of  atoms.  Then  and  are 

singular  wherever  |b|  ^  1. 


Proof.  If  X(t)  =  Jjf(t,u)  Z(du),  where  Z  has  control  measure  m,  then 


(bX)(t)  =  bX(t)  =  Jbf(t.u)  Z(du)  =  /f(t.u)Zi  (du) 


,  -r.  r  -  , 


*.  v  %  % 


i*; 


where  has  control  measure  |b|am.  Cleary  X  and  bX  are  simultaneously  invertible 
and  since  m  is  not  purely  atomic  with  a  finite  number  of  atoms,  the  result  follows  from 
Proposition  3.3.2. 


The  result  in  Corollary  3.3.4  is  known  to  hold  for  every  Gaussian  processes  with 

infinite  dimensional  linear  space.  Here  again  the  class  of  SaS  sub-Gaussian  processes 

provides  an  example  to  show  that  the  result  is  not  true  for  all  infinite  dimensional  SaS 

processes.  In  fact,  if  G  =  (G(t);  t  €  T)  is  Gaussian,  A  is  a  standard  positive  (a/2)-stabI 

1/2 

random  variable  and  X(t)  =  (A  G(t),  t  £  T),  reasoning  as  in  page  73  we  have  for 
each  b  >  0, 


/ibX(B)  ~  /r+^xG(B)  /ibA^dx^' 


The  distributions  p^  and  p^  are  equivalent  for  all  b  >  0  so  that  p^  ~  p^. 


v.v.w 
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